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Approximate counting

• Consider proper  -colorings of a graph G


• Let ∆:=∆(G) be the maximum degree


• If             :


• G has a   -coloring, which can be found efficiently


• How many   -colorings does G have?

q ≥ Δ + 1

q

q

q

#P-complete, approximation?



Approximate counting
• Compute 


• Equivalent to


• (Approximate) sampling 

Sample a -coloring uniformly at random?


• Approximate inference 

Given the color of a vertex u, 


what can you infer about the color of another vertex v?


• Approximate root-finding 

• …

(1 ± ε) ⋅ (#q−colorings)

q



Our main result
Our algorithmic result: 
For any integer             , and bounded-degree graph G, there exists 
a deterministic FPTAS, which outputs     s.t. 

in time                       for G

Ẑ
<latexit sha1_base64="gA++agVhMtvzdoKVU2O0k//frBE=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPw0wQTfAS8OIxglkwGUJPp5M06ekZumuEMOQjvHhQxKvf482/sbMIrg8KHu9VUVUvTKQw6HnvztLyyuraem4jv7m1vbNb2NtvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gxHl1O/ece1EbG6wXHCg4gOlOgLRtFKzc6QYnY76RaKnlspV868EvlNfNeboQgL1LqFt04vZmnEFTJJjWn7XoJBRjUKJvkk30kNTygb0QFvW6poxE2Qzc6dkGOr9Eg/1rYUkpn6dSKjkTHjKLSdEcWh+elNxb+8dor9cpAJlaTIFZsv6qeSYEymv5Oe0JyhHFtCmRb2VsKGVFOGNqG8DeHzU/I/aZRc33P969Ni9WIRRw4O4QhOwIdzqMIV1KAODEZwD4/w5CTOg/PsvMxbl5zFzAF8g/P6ARSWkAo=</latexit><latexit sha1_base64="gA++agVhMtvzdoKVU2O0k//frBE=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPw0wQTfAS8OIxglkwGUJPp5M06ekZumuEMOQjvHhQxKvf482/sbMIrg8KHu9VUVUvTKQw6HnvztLyyuraem4jv7m1vbNb2NtvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gxHl1O/ece1EbG6wXHCg4gOlOgLRtFKzc6QYnY76RaKnlspV868EvlNfNeboQgL1LqFt04vZmnEFTJJjWn7XoJBRjUKJvkk30kNTygb0QFvW6poxE2Qzc6dkGOr9Eg/1rYUkpn6dSKjkTHjKLSdEcWh+elNxb+8dor9cpAJlaTIFZsv6qeSYEymv5Oe0JyhHFtCmRb2VsKGVFOGNqG8DeHzU/I/aZRc33P969Ni9WIRRw4O4QhOwIdzqMIV1KAODEZwD4/w5CTOg/PsvMxbl5zFzAF8g/P6ARSWkAo=</latexit><latexit sha1_base64="gA++agVhMtvzdoKVU2O0k//frBE=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPw0wQTfAS8OIxglkwGUJPp5M06ekZumuEMOQjvHhQxKvf482/sbMIrg8KHu9VUVUvTKQw6HnvztLyyuraem4jv7m1vbNb2NtvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gxHl1O/ece1EbG6wXHCg4gOlOgLRtFKzc6QYnY76RaKnlspV868EvlNfNeboQgL1LqFt04vZmnEFTJJjWn7XoJBRjUKJvkk30kNTygb0QFvW6poxE2Qzc6dkGOr9Eg/1rYUkpn6dSKjkTHjKLSdEcWh+elNxb+8dor9cpAJlaTIFZsv6qeSYEymv5Oe0JyhHFtCmRb2VsKGVFOGNqG8DeHzU/I/aZRc33P969Ni9WIRRw4O4QhOwIdzqMIV1KAODEZwD4/w5CTOg/PsvMxbl5zFzAF8g/P6ARSWkAo=</latexit><latexit sha1_base64="gA++agVhMtvzdoKVU2O0k//frBE=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPw0wQTfAS8OIxglkwGUJPp5M06ekZumuEMOQjvHhQxKvf482/sbMIrg8KHu9VUVUvTKQw6HnvztLyyuraem4jv7m1vbNb2NtvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gxHl1O/ece1EbG6wXHCg4gOlOgLRtFKzc6QYnY76RaKnlspV868EvlNfNeboQgL1LqFt04vZmnEFTJJjWn7XoJBRjUKJvkk30kNTygb0QFvW6poxE2Qzc6dkGOr9Eg/1rYUkpn6dSKjkTHjKLSdEcWh+elNxb+8dor9cpAJlaTIFZsv6qeSYEymv5Oe0JyhHFtCmRb2VsKGVFOGNqG8DeHzU/I/aZRc33P969Ni9WIRRw4O4QhOwIdzqMIV1KAODEZwD4/w5CTOg/PsvMxbl5zFzAF8g/P6ARSWkAo=</latexit>

poly(|G|, 1/✏)
<latexit sha1_base64="yP+vUCFr5Te1WNSHJGlHX/O5zsI=">AAACB3icdVBNSwMxEJ312/pV9ShIsAgKUnd70BYvCx70WMFWoVtKNk01NJssSVYo29686E/x4kERr/4Fb/4bs62Cnw8GHu/NMDMvjDnTxnXfnLHxicmp6ZnZ3Nz8wuJSfnmlrmWiCK0RyaU6D7GmnAlaM8xweh4riqOQ07Owe5j5Z1dUaSbFqenFtBnhC8E6jGBjpVZ+PYiwuVRRGkveG2z1j/o7yNsNaKwZl2K7lS+4xUq5sueW0G/iFd0hCv7abdkHgGor/xq0JUkiKgzhWOuG58ammWJlGOF0kAsSTWNMuviCNiwVOKK6mQ7/GKBNq7RRRypbwqCh+nUixZHWvSi0ndnV+qeXiX95jcR0ys2UiTgxVJDRok7CkZEoCwW1maLE8J4lmChmb0XkEitMjI0uZ0P4/BT9T+qloucWvROv4B/ACDOwBhuwBR7sgw/HUIUaELiGO3iAR+fGuXeenOdR65jzMbMK3+C8vAPoAZrD</latexit><latexit sha1_base64="HgdDbhERI+rO4q3LvUnU1/iIABs=">AAACB3icdVDLSgMxFM3UV62vqsuCBItQQepMF9ripuBClxXsA9qhZNK0Dc0kQ5IplGl3bvRT3LhQxK2foDv/xkyr4PPAhcM593LvPV7AqNK2/WYl5uYXFpeSy6mV1bX1jfTmVk2JUGJSxYIJ2fCQIoxyUtVUM9IIJEG+x0jdG5zGfn1IpKKCX+pRQFwf9TjtUoy0kdrpnZaPdF/6USDYaJIbn40PoHPYIoGiTPD9djpr50vF0pFdgL+Jk7enyJYzN8XCUL9U2unXVkfg0CdcY4aUajp2oN0ISU0xI5NUK1QkQHiAeqRpKEc+UW40/WMC94zSgV0hTXENp+rXiQj5So18z3TGV6ufXiz+5TVD3S26EeVBqAnHs0XdkEEtYBwK7FBJsGYjQxCW1NwKcR9JhLWJLmVC+PwU/k9qhbxj550LJ1s+ATMkQQbsghxwwDEog3NQAVWAwRW4Bffgwbq27qxH62nWmrA+ZrbBN1jP7yTVnHA=</latexit><latexit sha1_base64="HgdDbhERI+rO4q3LvUnU1/iIABs=">AAACB3icdVDLSgMxFM3UV62vqsuCBItQQepMF9ripuBClxXsA9qhZNK0Dc0kQ5IplGl3bvRT3LhQxK2foDv/xkyr4PPAhcM593LvPV7AqNK2/WYl5uYXFpeSy6mV1bX1jfTmVk2JUGJSxYIJ2fCQIoxyUtVUM9IIJEG+x0jdG5zGfn1IpKKCX+pRQFwf9TjtUoy0kdrpnZaPdF/6USDYaJIbn40PoHPYIoGiTPD9djpr50vF0pFdgL+Jk7enyJYzN8XCUL9U2unXVkfg0CdcY4aUajp2oN0ISU0xI5NUK1QkQHiAeqRpKEc+UW40/WMC94zSgV0hTXENp+rXiQj5So18z3TGV6ufXiz+5TVD3S26EeVBqAnHs0XdkEEtYBwK7FBJsGYjQxCW1NwKcR9JhLWJLmVC+PwU/k9qhbxj550LJ1s+ATMkQQbsghxwwDEog3NQAVWAwRW4Bffgwbq27qxH62nWmrA+ZrbBN1jP7yTVnHA=</latexit><latexit sha1_base64="t+7B+YZvDM5DW//92I2C+fmd8Ps=">AAACB3icdVDLSgMxFM34rPVVdSlIsAgVZJzpQlvcFFzosoJ9QGcomTRtQzPJkGSEMu3Ojb/ixoUibv0Fd/6NmbaCzwMXDufcy733BBGjSjvOuzU3v7C4tJxZya6urW9s5ra260rEEpMaFkzIZoAUYZSTmqaakWYkCQoDRhrB4Dz1GzdEKir4tR5GxA9Rj9MuxUgbqZ3b80Kk+zJMIsGG48LoYnQE3WOPRIoywQ/bubxjl0vlE6cIfxPXdibIgxmq7dyb1xE4DgnXmCGlWq4TaT9BUlPMyDjrxYpECA9Qj7QM5Sgkyk8mf4zhgVE6sCukKa7hRP06kaBQqWEYmM70avXTS8W/vFasuyU/oTyKNeF4uqgbM6gFTEOBHSoJ1mxoCMKSmlsh7iOJsDbRZU0In5/C/0m9aLuO7V65+crZLI4M2AX7oABccAoq4BJUQQ1gcAvuwSN4su6sB+vZepm2zlmzmR3wDdbrBxBdmWY=</latexit>

q � 2�
<latexit sha1_base64="emjZFXcmuY5opDeoQIuWtXQ2dyw=">AAAB9HicdVDJSgNBEK2JW4xbVDx5aQyCpzCTgyZ4CejBYwSzQDKEnk5N0qRnSXdPIAz5AX/AiwdFvPox3vwbO4mC64OCx3tVVNXzYsGVtu03K7O0vLK6ll3PbWxube/kd/caKkokwzqLRCRbHlUoeIh1zbXAViyRBp7Apje8mPnNMUrFo/BGT2J0A9oPuc8Z1UZyR6TTR1LqXKLQtJsv2MVKuXJql8hv4hTtOQrVg9tyFQBq3fxrpxexJMBQM0GVajt2rN2USs2ZwGmukyiMKRvSPrYNDWmAyk3nR0/JsVF6xI+kqVCTufp1IqWBUpPAM50B1QP105uJf3ntRPtlN+VhnGgM2WKRnwiiIzJLgPS4RKbFxBDKJDe3EjagkjJtcsqZED4/Jf+TRqno2EXn2ilUz2GBLBzCEZyAA2dQhSuoQR0YjOAOHuDRGlv31pP1vGjNWB8z+/AN1ss777mTAA==</latexit><latexit sha1_base64="HnLvmW/8XsicocjePl0uhy5NiwQ=">AAAB9HicdVDJSgNBEO1xjXGLiicvjUHwFGZy0AQvAT14jGAWSIbQ06lJmvQs6a4JhCE/4A948aCIV/9Fb/6NnUTB9UHB470qqup5sRQabfvNWlhcWl5Zzaxl1zc2t7ZzO7t1HSWKQ41HMlJNj2mQIoQaCpTQjBWwwJPQ8AbnU78xAqVFFF7jOAY3YL1Q+IIzNJI7pO0e0GL7AiSyTi5vF8ql8oldpL+JU7BnyFf2b0rFEb5UO7nXdjfiSQAhcsm0bjl2jG7KFAouYZJtJxpixgesBy1DQxaAdtPZ0RN6ZJQu9SNlKkQ6U79OpCzQehx4pjNg2Nc/van4l9dK0C+5qQjjBCHk80V+IilGdJoA7QoFHOXYEMaVMLdS3meKcTQ5ZU0In5/S/0m9WHDsgnPl5CtnZI4MOSCH5Jg45JRUyCWpkhrhZEhuyT15sEbWnfVoPc1bF6yPmT3yDdbzOyyNlK0=</latexit><latexit sha1_base64="HnLvmW/8XsicocjePl0uhy5NiwQ=">AAAB9HicdVDJSgNBEO1xjXGLiicvjUHwFGZy0AQvAT14jGAWSIbQ06lJmvQs6a4JhCE/4A948aCIV/9Fb/6NnUTB9UHB470qqup5sRQabfvNWlhcWl5Zzaxl1zc2t7ZzO7t1HSWKQ41HMlJNj2mQIoQaCpTQjBWwwJPQ8AbnU78xAqVFFF7jOAY3YL1Q+IIzNJI7pO0e0GL7AiSyTi5vF8ql8oldpL+JU7BnyFf2b0rFEb5UO7nXdjfiSQAhcsm0bjl2jG7KFAouYZJtJxpixgesBy1DQxaAdtPZ0RN6ZJQu9SNlKkQ6U79OpCzQehx4pjNg2Nc/van4l9dK0C+5qQjjBCHk80V+IilGdJoA7QoFHOXYEMaVMLdS3meKcTQ5ZU0In5/S/0m9WHDsgnPl5CtnZI4MOSCH5Jg45JRUyCWpkhrhZEhuyT15sEbWnfVoPc1bF6yPmT3yDdbzOyyNlK0=</latexit><latexit sha1_base64="GE0L4PCmQ8bLHPGuWBh3aTRE34w=">AAAB9HicdVDJSgNBEO1xjXGLevTSGARPw0wOmuAloAePEcwCmSH0dGqSJj1LumsCIeQ7vHhQxKsf482/sbMIrg8KHu9VUVUvSKXQ6Djv1srq2vrGZm4rv72zu7dfODhs6CRTHOo8kYlqBUyDFDHUUaCEVqqARYGEZjC4mvnNESgtkvgOxyn4EevFIhScoZH8IfV6QEveNUhknULRsSvlyrlTor+JaztzFMkStU7hzesmPIsgRi6Z1m3XSdGfMIWCS5jmvUxDyviA9aBtaMwi0P5kfvSUnhqlS8NEmYqRztWvExMWaT2OAtMZMezrn95M/MtrZxiW/YmI0wwh5otFYSYpJnSWAO0KBRzl2BDGlTC3Ut5ninE0OeVNCJ+f0v9Jo2S7ju3eusXq5TKOHDkmJ+SMuOSCVMkNqZE64WRI7skjebJG1oP1bL0sWles5cwR+Qbr9QMgN5Gp</latexit>

 [Gamarnik, Katz and Mishra] 1.7633 is closely related to strong 
spatial mixing, which is the unique positive solution of the equation 

xe�1/x = 1
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Triangle-free graphs: 
For any integer    ⪆                    , and triangle-free graph G of 
bounded degree, the above FPTAS also works

q 1.7633�+ �
<latexit sha1_base64="vb8tmJ9oOdqOfnFdywryKSlopzA=">AAACCXicdVDLSgNBEOz1bXxFxZOXwSAIwrKroBEvAT14VDBGyIYwO+mYIbMPZ3qFELx60F/x4kERr/6BN//GSWLAZzUNRVU3M11hqqQhz3t3RkbHxicmp6ZzM7Nz8wv5xaUzk2RaYFkkKtHnITeoZIxlkqTwPNXIo1BhJWwf9PzKFWojk/iUOinWIn4Ry6YUnKxUz7NLxoL9YTHf3d3Z3g4OURHfDEIkXs8XPHevuLfjbbHfxHe9PgqlldtiCQCO6/m3oJGILMKYhOLGVH0vpVqXa5JC4XUuyAymXLT5BVYtjXmEptbtX3LN1q3SYM1E246J9dWvG10eGdOJQjsZcWqZn15P/MurZtQs1royTjPCWAweamaKUcJ6sbCG1ChIdSzhQkv7VyZaXHNBNrycDWF4KfufnG25vuf6J36htA8DTMEqrMEG+LALJTiCYyiDgBu4h0d4cu6cB+fZeRmMjjifO8vwDc7rB0DkmP0=</latexit><latexit sha1_base64="fuvl8kIngbS7e35DOSLhqCTeNp0=">AAACCXicdVDLSgNBEJz1GeNrVTx5GQyCICy7CcSEXAJ68BjBRCEbwuyko4OzD2d6hRBy9aC/4sWDIl79Ar35N04SBZ/VNBRV3cx0BYkUGl33zZqYnJqemc3MZecXFpeW7ZXVho5TxaHOYxmrk4BpkCKCOgqUcJIoYGEg4Tg43xv6x5egtIijI+wl0ArZaSS6gjM0UtumF5T6lc+inrNbLBT8fZDIdvwAkLXtnOuUS+Wim6e/iee4I+Sq69el/CW+1Nr2q9+JeRpChFwyrZuem2CrzxQKLmGQ9VMNCePn7BSahkYsBN3qjy4Z0C2jdGg3VqYjpCP160afhVr3wsBMhgzP9E9vKP7lNVPsllp9ESUpQsTHD3VTSTGmw1hoRyjgKHuGMK6E+SvlZ0wxjia8rAnh81L6P2nkHc91vEMvV62QMTJkg2ySbeKRXVIlB6RG6oSTK3JL7smDdWPdWY/W03h0wvrYWSPfYD2/A32pmqo=</latexit><latexit sha1_base64="fuvl8kIngbS7e35DOSLhqCTeNp0=">AAACCXicdVDLSgNBEJz1GeNrVTx5GQyCICy7CcSEXAJ68BjBRCEbwuyko4OzD2d6hRBy9aC/4sWDIl79Ar35N04SBZ/VNBRV3cx0BYkUGl33zZqYnJqemc3MZecXFpeW7ZXVho5TxaHOYxmrk4BpkCKCOgqUcJIoYGEg4Tg43xv6x5egtIijI+wl0ArZaSS6gjM0UtumF5T6lc+inrNbLBT8fZDIdvwAkLXtnOuUS+Wim6e/iee4I+Sq69el/CW+1Nr2q9+JeRpChFwyrZuem2CrzxQKLmGQ9VMNCePn7BSahkYsBN3qjy4Z0C2jdGg3VqYjpCP160afhVr3wsBMhgzP9E9vKP7lNVPsllp9ESUpQsTHD3VTSTGmw1hoRyjgKHuGMK6E+SvlZ0wxjia8rAnh81L6P2nkHc91vEMvV62QMTJkg2ySbeKRXVIlB6RG6oSTK3JL7smDdWPdWY/W03h0wvrYWSPfYD2/A32pmqo=</latexit><latexit sha1_base64="krXEmRRE19jfz2WP+QxRMfnSaAg=">AAACCXicdVDLSgNBEJyN7/iKevQyGARBWHYTiIZcAnrwqGA0kF3C7KQ3GTL7cKZXCCFXL/6KFw+KePUPvPk3TmIEn9U0FFXdzHQFqRQaHefNys3Mzs0vLC7ll1dW19YLG5sXOskUhwZPZKKaAdMgRQwNFCihmSpgUSDhMugfjf3La1BaJPE5DlLwI9aNRSg4QyO1C/SKUq/2WdS1DyrlsncMEtm+FwCydqHo2NXDasUp0d/EtZ0JimSK03bh1eskPIsgRi6Z1i3XSdEfMoWCSxjlvUxDynifdaFlaMwi0P5wcsmI7hqlQ8NEmY6RTtSvG0MWaT2IAjMZMezpn95Y/MtrZRge+kMRpxlCzD8eCjNJMaHjWGhHKOAoB4YwroT5K+U9phhHE17ehPB5Kf2fXJRs17HdM7dYr03jWCTbZIfsEZcckDo5IaekQTi5IXfkgTxat9a99WQ9f4zmrOnOFvkG6+UdcVOXpg==</latexit>

Ẑ 2 (1± ")(#q�colorings(G))
<latexit sha1_base64="34KVdWLGy2tjykZy9UbAoqtDkTA="></latexit><latexit sha1_base64="34KVdWLGy2tjykZy9UbAoqtDkTA="></latexit><latexit sha1_base64="34KVdWLGy2tjykZy9UbAoqtDkTA="></latexit><latexit sha1_base64="34KVdWLGy2tjykZy9UbAoqtDkTA="></latexit>

Remarks

Prior works (incomplete list): 
• Randomized MCMC for                   [Jerrum] 
• Randomized MCMC for                        [Chen et al.] [Vigoda] 
• Deterministic algorithm for                        [Lu and Yin] 
• Deterministic algorithm for                      [Lu et al.]

q � 2.58�+ 1
<latexit sha1_base64="qK7YLnJ1RDvqb8lfUigan3ilXHs=">AAAB+3icdVDJSgNBEO2JW4zbGI9eGoMgCMNMcEnwEtCDxwhmgcwQejo1SZOexe4eMQz5FS8eFPHqj3jzb+wsguuDgsd7VVTV8xPOpLLtdyO3sLi0vJJfLaytb2xumdvFpoxTQaFBYx6Ltk8kcBZBQzHFoZ0IIKHPoeUPzyd+6xaEZHF0rUYJeCHpRyxglCgtdc3iDXb7gMvWccW9AK7IodM1S7ZVrVRP7DL+TRzLnqKE5qh3zTe3F9M0hEhRTqTsOHaivIwIxSiHccFNJSSEDkkfOppGJATpZdPbx3hfKz0cxEJXpPBU/TqRkVDKUejrzpCogfzpTcS/vE6qgoqXsShJFUR0tihIOVYxngSBe0wAVXykCaGC6VsxHRBBqNJxFXQIn5/i/0mzbDm25VwdlWpn8zjyaBftoQPkoFNUQ5eojhqIojt0jx7RkzE2Hoxn42XWmjPmMzvoG4zXD90KkwY=</latexit><latexit sha1_base64="qK7YLnJ1RDvqb8lfUigan3ilXHs=">AAAB+3icdVDJSgNBEO2JW4zbGI9eGoMgCMNMcEnwEtCDxwhmgcwQejo1SZOexe4eMQz5FS8eFPHqj3jzb+wsguuDgsd7VVTV8xPOpLLtdyO3sLi0vJJfLaytb2xumdvFpoxTQaFBYx6Ltk8kcBZBQzHFoZ0IIKHPoeUPzyd+6xaEZHF0rUYJeCHpRyxglCgtdc3iDXb7gMvWccW9AK7IodM1S7ZVrVRP7DL+TRzLnqKE5qh3zTe3F9M0hEhRTqTsOHaivIwIxSiHccFNJSSEDkkfOppGJATpZdPbx3hfKz0cxEJXpPBU/TqRkVDKUejrzpCogfzpTcS/vE6qgoqXsShJFUR0tihIOVYxngSBe0wAVXykCaGC6VsxHRBBqNJxFXQIn5/i/0mzbDm25VwdlWpn8zjyaBftoQPkoFNUQ5eojhqIojt0jx7RkzE2Hoxn42XWmjPmMzvoG4zXD90KkwY=</latexit><latexit sha1_base64="qK7YLnJ1RDvqb8lfUigan3ilXHs=">AAAB+3icdVDJSgNBEO2JW4zbGI9eGoMgCMNMcEnwEtCDxwhmgcwQejo1SZOexe4eMQz5FS8eFPHqj3jzb+wsguuDgsd7VVTV8xPOpLLtdyO3sLi0vJJfLaytb2xumdvFpoxTQaFBYx6Ltk8kcBZBQzHFoZ0IIKHPoeUPzyd+6xaEZHF0rUYJeCHpRyxglCgtdc3iDXb7gMvWccW9AK7IodM1S7ZVrVRP7DL+TRzLnqKE5qh3zTe3F9M0hEhRTqTsOHaivIwIxSiHccFNJSSEDkkfOppGJATpZdPbx3hfKz0cxEJXpPBU/TqRkVDKUejrzpCogfzpTcS/vE6qgoqXsShJFUR0tihIOVYxngSBe0wAVXykCaGC6VsxHRBBqNJxFXQIn5/i/0mzbDm25VwdlWpn8zjyaBftoQPkoFNUQ5eojhqIojt0jx7RkzE2Hoxn42XWmjPmMzvoG4zXD90KkwY=</latexit><latexit sha1_base64="qK7YLnJ1RDvqb8lfUigan3ilXHs=">AAAB+3icdVDJSgNBEO2JW4zbGI9eGoMgCMNMcEnwEtCDxwhmgcwQejo1SZOexe4eMQz5FS8eFPHqj3jzb+wsguuDgsd7VVTV8xPOpLLtdyO3sLi0vJJfLaytb2xumdvFpoxTQaFBYx6Ltk8kcBZBQzHFoZ0IIKHPoeUPzyd+6xaEZHF0rUYJeCHpRyxglCgtdc3iDXb7gMvWccW9AK7IodM1S7ZVrVRP7DL+TRzLnqKE5qh3zTe3F9M0hEhRTqTsOHaivIwIxSiHccFNJSSEDkkfOppGJATpZdPbx3hfKz0cxEJXpPBU/TqRkVDKUejrzpCogfzpTcS/vE6qgoqXsShJFUR0tihIOVYxngSBe0wAVXykCaGC6VsxHRBBqNJxFXQIn5/i/0mzbDm25VwdlWpn8zjyaBftoQPkoFNUQ5eojhqIojt0jx7RkzE2Hoxn42XWmjPmMzvoG4zXD90KkwY=</latexit>

q � ( 116 � ✏)�
<latexit sha1_base64="Q5IHaG435F/v98YafzasWk/Jvvw=">AAACDnicdVA9SwNBEJ3zM8avqKXNYhC0MNxZ+IFNQAvLCMYEciHsbeaSJXt75+6eEI78Ahv/io2FIrbWdvb+EDeJgp8PBh7vzTAzL0gE18Z1X52JyanpmdncXH5+YXFpubCyeqHjVDGssljEqh5QjYJLrBpuBNYThTQKBNaC3vHQr12h0jyW56afYDOiHclDzqixUquweUn8DpItP1SUZZ43yPYGZIf4mGguYrntn6AwtFUouqXDg8M9d5f8Jl7JHaFY3nhzywBQaRVe/HbM0gilYYJq3fDcxDQzqgxnAgd5P9WYUNajHWxYKmmEupmN3hmQTau0SRgrW9KQkfp1IqOR1v0osJ0RNV390xuKf3mN1IQHzYzLJDUo2XhRmApiYjLMhrS5QmZE3xLKFLe3EtalNhhjE8zbED4/Jf+Ti92S55a8M69YPoIxcrAOG7AFHuxDGU6hAlVgcA23cA8Pzo1z5zw6T+PWCedjZg2+wXl+B946nOI=</latexit><latexit sha1_base64="+bObQaFH1PduzpfZ+KMyBxcMfVw="></latexit><latexit sha1_base64="+bObQaFH1PduzpfZ+KMyBxcMfVw="></latexit><latexit sha1_base64="SRb/Rwl4TWiu7xTk6/GBGc/Q/bM=">AAACDnicdVC7SgNBFJ2NrxhfUUubwRCIhWE3RUywCWhhGcE8IBvC7ORuMmR2dp2ZFcKSL7DxV2wsFLG1tvNvnDwEnwcuHM65l3vv8SLOlLbtdyu1tLyyupZez2xsbm3vZHf3miqMJYUGDXko2x5RwJmAhmaaQzuSQAKPQ8sbnU391g1IxUJxpccRdAMyEMxnlGgj9bL5a+wOABdcXxKaOM4kKU/wMXYhUoyH4sg9B65JL5uzi9VKtWyX8G/iFO0ZcmiBei/75vZDGgcgNOVEqY5jR7qbEKkZ5TDJuLGCiNARGUDHUEECUN1k9s4E543Sx34oTQmNZ+rXiYQESo0Dz3QGRA/VT28q/uV1Yu1XugkTUaxB0PkiP+ZYh3iaDe4zCVTzsSGESmZuxXRITDDaJJgxIXx+iv8nzVLRsYvOpZOrnS7iSKMDdIgKyEEnqIYuUB01EEW36B49oifrznqwnq2XeWvKWszso2+wXj8Aji6bLA==</latexit>

q = 4,� = 3
<latexit sha1_base64="GwXxunkrK5U/y6v9DW2NAU75Fm8=">AAAB9HicdVDJSgNBEK1xjXGLiicvjUHwIMNMFE2QwIAePEYwCyRD6On0JE16lnT3BMKQH/AHvHhQxKsf482/sZMouD4oeLxXRVU9L+ZMKst6M+bmFxaXljMr2dW19Y3N3NZ2TUaJILRKIh6Jhocl5SykVcUUp41YUBx4nNa9/sXErw+pkCwKb9Qopm6AuyHzGcFKS+6gfHKEWpeUK1w+bufyllkqlk6tAvpNbNOaIu/s3hYdAKi0c6+tTkSSgIaKcCxl07Zi5aZYKEY4HWdbiaQxJn3cpU1NQxxQ6abTo8foQCsd5EdCV6jQVP06keJAylHg6c4Aq5786U3Ev7xmovyim7IwThQNyWyRn3CkIjRJAHWYoETxkSaYCKZvRaSHBSZK55TVIXx+iv4ntYJpW6Z9beedc5ghA3uwD4dgwxk4cAUVqAKBAdzBAzwaQ+PeeDKeZ61zxsfMDnyD8fIOSLaSkw==</latexit><latexit sha1_base64="VeZUfuoDfm6Zd2Ee2YulNtaPlbQ=">AAAB9HicdVDJSgNBEO2JW4xbVDx5aQyCBxlmomiCBAJ68BjBLJAMoafTkzTpWdJdEwhDfsAf8OJBEa/+i978GzuJguuDgsd7VVTVcyPBFVjWm5Gam19YXEovZ1ZW19Y3sptbNRXGkrIqDUUoGy5RTPCAVYGDYI1IMuK7gtXd/vnErw+ZVDwMrmEUMccn3YB7nBLQkjMoHR/i1gUTQEpH7WzOMouF4omVx7+JbVpT5Mo7N4X8EF4q7exrqxPS2GcBUEGUatpWBE5CJHAq2DjTihWLCO2TLmtqGhCfKSeZHj3G+1rpYC+UugLAU/XrREJ8pUa+qzt9Aj3105uIf3nNGLyCk/AgioEFdLbIiwWGEE8SwB0uGQUx0oRQyfWtmPaIJBR0Thkdwuen+H9Sy5u2ZdpXdq58hmZIo120hw6QjU5RGV2iCqoiigboFt2jB2No3BmPxtOsNWV8zGyjbzCe3wGFe5RA</latexit><latexit sha1_base64="VeZUfuoDfm6Zd2Ee2YulNtaPlbQ=">AAAB9HicdVDJSgNBEO2JW4xbVDx5aQyCBxlmomiCBAJ68BjBLJAMoafTkzTpWdJdEwhDfsAf8OJBEa/+i978GzuJguuDgsd7VVTVcyPBFVjWm5Gam19YXEovZ1ZW19Y3sptbNRXGkrIqDUUoGy5RTPCAVYGDYI1IMuK7gtXd/vnErw+ZVDwMrmEUMccn3YB7nBLQkjMoHR/i1gUTQEpH7WzOMouF4omVx7+JbVpT5Mo7N4X8EF4q7exrqxPS2GcBUEGUatpWBE5CJHAq2DjTihWLCO2TLmtqGhCfKSeZHj3G+1rpYC+UugLAU/XrREJ8pUa+qzt9Aj3105uIf3nNGLyCk/AgioEFdLbIiwWGEE8SwB0uGQUx0oRQyfWtmPaIJBR0Thkdwuen+H9Sy5u2ZdpXdq58hmZIo120hw6QjU5RGV2iCqoiigboFt2jB2No3BmPxtOsNWV8zGyjbzCe3wGFe5RA</latexit><latexit sha1_base64="9wJcnurXhhTxUxgi0dpUMqCYu7s=">AAAB9HicdVDJSgNBEO2JW4xb1KOXxiB4kGEmiiZIIKAHjxHMAskQejo1SZOenkl3TyCEfIcXD4p49WO8+Td2FsH1QcHjvSqq6vkxZ0o7zruVWlpeWV1Lr2c2Nre2d7K7ezUVJZJClUY8kg2fKOBMQFUzzaERSyChz6Hu96+mfn0IUrFI3OlRDF5IuoIFjBJtJG9QOjvBrWvgmpRO29mcYxcLxXMnj38T13ZmyKEFKu3sW6sT0SQEoSknSjVdJ9bemEjNKIdJppUoiAntky40DRUkBOWNZ0dP8JFROjiIpCmh8Uz9OjEmoVKj0DedIdE99dObin95zUQHBW/MRJxoEHS+KEg41hGeJoA7TALVfGQIoZKZWzHtEUmoNjllTAifn+L/SS1vu47t3rq58uUijjQ6QIfoGLnoApXRDaqgKqJogO7RI3qyhtaD9Wy9zFtT1mJmH32D9foBeSWRPA==</latexit>

q � 2�+ 1
<latexit sha1_base64="rP228LqMIvzVGsQ0SvzkviEtkmk=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0UQhJAU0RY3BV24rGAf0IQymd60QyeTODMRaumXuHGhiFs/xZ1/4/Qh+Dxw4XDOvdx7T5hyprTrvlsLi0vLK6u5tfz6xuZWwd7eaagkkxTqNOGJbIVEAWcC6pppDq1UAolDDs1wcD7xm7cgFUvEtR6mEMSkJ1jEKNFG6tiFG+z3AJf8C+CaHHkdu+g6lXLlxC3h38Rz3CmKaI5ax37zuwnNYhCacqJU23NTHYyI1IxyGOf9TEFK6ID0oG2oIDGoYDQ9fIwPjNLFUSJNCY2n6teJEYmVGsah6YyJ7quf3kT8y2tnOioHIybSTIOgs0VRxrFO8CQF3GUSqOZDQwiVzNyKaZ9IQrXJKm9C+PwU/08aJcdzHe/quFg9m8eRQ3toHx0iD52iKrpENVRHFGXoHj2iJ+vOerCerZdZ64I1n9lF32C9fgB3IpJN</latexit><latexit sha1_base64="rP228LqMIvzVGsQ0SvzkviEtkmk=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0UQhJAU0RY3BV24rGAf0IQymd60QyeTODMRaumXuHGhiFs/xZ1/4/Qh+Dxw4XDOvdx7T5hyprTrvlsLi0vLK6u5tfz6xuZWwd7eaagkkxTqNOGJbIVEAWcC6pppDq1UAolDDs1wcD7xm7cgFUvEtR6mEMSkJ1jEKNFG6tiFG+z3AJf8C+CaHHkdu+g6lXLlxC3h38Rz3CmKaI5ax37zuwnNYhCacqJU23NTHYyI1IxyGOf9TEFK6ID0oG2oIDGoYDQ9fIwPjNLFUSJNCY2n6teJEYmVGsah6YyJ7quf3kT8y2tnOioHIybSTIOgs0VRxrFO8CQF3GUSqOZDQwiVzNyKaZ9IQrXJKm9C+PwU/08aJcdzHe/quFg9m8eRQ3toHx0iD52iKrpENVRHFGXoHj2iJ+vOerCerZdZ64I1n9lF32C9fgB3IpJN</latexit><latexit sha1_base64="rP228LqMIvzVGsQ0SvzkviEtkmk=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0UQhJAU0RY3BV24rGAf0IQymd60QyeTODMRaumXuHGhiFs/xZ1/4/Qh+Dxw4XDOvdx7T5hyprTrvlsLi0vLK6u5tfz6xuZWwd7eaagkkxTqNOGJbIVEAWcC6pppDq1UAolDDs1wcD7xm7cgFUvEtR6mEMSkJ1jEKNFG6tiFG+z3AJf8C+CaHHkdu+g6lXLlxC3h38Rz3CmKaI5ax37zuwnNYhCacqJU23NTHYyI1IxyGOf9TEFK6ID0oG2oIDGoYDQ9fIwPjNLFUSJNCY2n6teJEYmVGsah6YyJ7quf3kT8y2tnOioHIybSTIOgs0VRxrFO8CQF3GUSqOZDQwiVzNyKaZ9IQrXJKm9C+PwU/08aJcdzHe/quFg9m8eRQ3toHx0iD52iKrpENVRHFGXoHj2iJ+vOerCerZdZ64I1n9lF32C9fgB3IpJN</latexit><latexit sha1_base64="rP228LqMIvzVGsQ0SvzkviEtkmk=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0UQhJAU0RY3BV24rGAf0IQymd60QyeTODMRaumXuHGhiFs/xZ1/4/Qh+Dxw4XDOvdx7T5hyprTrvlsLi0vLK6u5tfz6xuZWwd7eaagkkxTqNOGJbIVEAWcC6pppDq1UAolDDs1wcD7xm7cgFUvEtR6mEMSkJ1jEKNFG6tiFG+z3AJf8C+CaHHkdu+g6lXLlxC3h38Rz3CmKaI5ax37zuwnNYhCacqJU23NTHYyI1IxyGOf9TEFK6ID0oG2oIDGoYDQ9fIwPjNLFUSJNCY2n6teJEYmVGsah6YyJ7quf3kT8y2tnOioHIybSTIOgs0VRxrFO8CQF3GUSqOZDQwiVzNyKaZ9IQrXJKm9C+PwU/08aJcdzHe/quFg9m8eRQ3toHx0iD52iKrpENVRHFGXoHj2iJ+vOerCerZdZ64I1n9lF32C9fgB3IpJN</latexit>

Dobrushin condition



Computational phase transition

• Many problems have a “computational phase transition” (roughly):


• In some cases, known to coincide with statistical physics phase transition:


• Hardcore model


• Anti-ferromagnetic Ising/2-spin model


• ….


Our work: exploit a formal connection between algorithms and phase transition.

Crucially we exploit both directions



Phase transitions ≈ Discontinuity 
In statistical physics

Observable, e.g., mean magnetization :≈ average number of +-spin vertices

External field

Lower temperature

Let n → ∞



Approximate counting 
The Potts model

• A graph G=(V,E)


• Configuration 


• The partition function


• Gibbs distribution:


σ : V → [q]
W

Example: 
•   

• q=2: Ising model

ZG(0) = (# valid q-colorings of G)
<latexit sha1_base64="snY5rcjaROLYDB3pYONc0ri0W2U="></latexit><latexit sha1_base64="snY5rcjaROLYDB3pYONc0ri0W2U="></latexit><latexit sha1_base64="snY5rcjaROLYDB3pYONc0ri0W2U="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="sGBlFgHKw/m7flqwGzaNwpFzr8I="></latexit><latexit sha1_base64="sGBlFgHKw/m7flqwGzaNwpFzr8I="></latexit><latexit sha1_base64="GuoJ+Dp/X5K0757n4q4XKJzM4fI="></latexit><latexit sha1_base64="snY5rcjaROLYDB3pYONc0ri0W2U="></latexit><latexit sha1_base64="snY5rcjaROLYDB3pYONc0ri0W2U="></latexit><latexit sha1_base64="snY5rcjaROLYDB3pYONc0ri0W2U="></latexit><latexit sha1_base64="snY5rcjaROLYDB3pYONc0ri0W2U="></latexit><latexit sha1_base64="snY5rcjaROLYDB3pYONc0ri0W2U="></latexit><latexit sha1_base64="snY5rcjaROLYDB3pYONc0ri0W2U="></latexit>

Goal: compute                         .(1± ") · ZG(w)
<latexit sha1_base64="ngwutAA4MHhVgsl+3IDhr5NEnHE="></latexit><latexit sha1_base64="ngwutAA4MHhVgsl+3IDhr5NEnHE="></latexit><latexit sha1_base64="ngwutAA4MHhVgsl+3IDhr5NEnHE="></latexit><latexit sha1_base64="ngwutAA4MHhVgsl+3IDhr5NEnHE="></latexit>

Pr[�] =
1

ZG(w)
· w|E=(�)|

<latexit sha1_base64="7aHdMNZlBhm1YNt8A7Y4HipU6Y4="></latexit><latexit sha1_base64="7aHdMNZlBhm1YNt8A7Y4HipU6Y4="></latexit><latexit sha1_base64="7aHdMNZlBhm1YNt8A7Y4HipU6Y4="></latexit><latexit sha1_base64="7aHdMNZlBhm1YNt8A7Y4HipU6Y4="></latexit>

ZG(w) :=
X

�:V![q]

w(#monochromatic edges)

=
X

�:V![q]

w|E=(�)|.

<latexit sha1_base64="HKw+QjnnuWr8KAasdNQ2HylhDPE="></latexit><latexit sha1_base64="HKw+QjnnuWr8KAasdNQ2HylhDPE="></latexit><latexit sha1_base64="HKw+QjnnuWr8KAasdNQ2HylhDPE="></latexit><latexit sha1_base64="HKw+QjnnuWr8KAasdNQ2HylhDPE="></latexit>



• Lee-Yang theory:                 


• Recall the partition function: 


• Observable:


• Analyticity of log Z ≈ Continuity of observables

Phase transitions formally: 
Geometry of polynomials

Phase transition ≈ complex zeros of Z  
logZ

<latexit sha1_base64="kWGELUCmJE3AzEauBOueLQWrLLg=">AAACGHicbZC7TsMwFIYdrqXcAowsFhUSAwpJhaDdKlgYi0QvIokqx3VSq85FtoNURXkMFl6FhQGEWLvxNrhpBmg5kqVP/3+Offx7CaNCmua3trK6tr6xWdmqbu/s7u3rB4ddEacckw6OWcz7HhKE0Yh0JJWM9BNOUOgx0vPGtzO/90S4oHH0ICcJcUMURNSnGEklDfSLzCkusXnguZlpNBvNK7N+vgS5w+IAPuYDvWYaZlFwGawSaqCs9kCfOsMYpyGJJGZICNsyE+lmiEuKGcmrTipIgvAYBcRWGKGQCDcrdsrhqVKG0I+5OpGEhfp7IkOhEJPQU50hkiOx6M3E/zw7lX7DzWiUpJJEeP6QnzIoYzhLCQ4pJ1iyiQKEOVW7QjxCHGGpsqyqEKzFLy9Dt25YpmHdX9ZaN2UcFXAMTsAZsMA1aIE70AYdgMEzeAXv4EN70d60T+1r3rqilTNH4E9p0x9gRJwv</latexit><latexit sha1_base64="kWGELUCmJE3AzEauBOueLQWrLLg=">AAACGHicbZC7TsMwFIYdrqXcAowsFhUSAwpJhaDdKlgYi0QvIokqx3VSq85FtoNURXkMFl6FhQGEWLvxNrhpBmg5kqVP/3+Offx7CaNCmua3trK6tr6xWdmqbu/s7u3rB4ddEacckw6OWcz7HhKE0Yh0JJWM9BNOUOgx0vPGtzO/90S4oHH0ICcJcUMURNSnGEklDfSLzCkusXnguZlpNBvNK7N+vgS5w+IAPuYDvWYaZlFwGawSaqCs9kCfOsMYpyGJJGZICNsyE+lmiEuKGcmrTipIgvAYBcRWGKGQCDcrdsrhqVKG0I+5OpGEhfp7IkOhEJPQU50hkiOx6M3E/zw7lX7DzWiUpJJEeP6QnzIoYzhLCQ4pJ1iyiQKEOVW7QjxCHGGpsqyqEKzFLy9Dt25YpmHdX9ZaN2UcFXAMTsAZsMA1aIE70AYdgMEzeAXv4EN70d60T+1r3rqilTNH4E9p0x9gRJwv</latexit><latexit sha1_base64="kWGELUCmJE3AzEauBOueLQWrLLg=">AAACGHicbZC7TsMwFIYdrqXcAowsFhUSAwpJhaDdKlgYi0QvIokqx3VSq85FtoNURXkMFl6FhQGEWLvxNrhpBmg5kqVP/3+Offx7CaNCmua3trK6tr6xWdmqbu/s7u3rB4ddEacckw6OWcz7HhKE0Yh0JJWM9BNOUOgx0vPGtzO/90S4oHH0ICcJcUMURNSnGEklDfSLzCkusXnguZlpNBvNK7N+vgS5w+IAPuYDvWYaZlFwGawSaqCs9kCfOsMYpyGJJGZICNsyE+lmiEuKGcmrTipIgvAYBcRWGKGQCDcrdsrhqVKG0I+5OpGEhfp7IkOhEJPQU50hkiOx6M3E/zw7lX7DzWiUpJJEeP6QnzIoYzhLCQ4pJ1iyiQKEOVW7QjxCHGGpsqyqEKzFLy9Dt25YpmHdX9ZaN2UcFXAMTsAZsMA1aIE70AYdgMEzeAXv4EN70d60T+1r3rqilTNH4E9p0x9gRJwv</latexit><latexit sha1_base64="kWGELUCmJE3AzEauBOueLQWrLLg=">AAACGHicbZC7TsMwFIYdrqXcAowsFhUSAwpJhaDdKlgYi0QvIokqx3VSq85FtoNURXkMFl6FhQGEWLvxNrhpBmg5kqVP/3+Offx7CaNCmua3trK6tr6xWdmqbu/s7u3rB4ddEacckw6OWcz7HhKE0Yh0JJWM9BNOUOgx0vPGtzO/90S4oHH0ICcJcUMURNSnGEklDfSLzCkusXnguZlpNBvNK7N+vgS5w+IAPuYDvWYaZlFwGawSaqCs9kCfOsMYpyGJJGZICNsyE+lmiEuKGcmrTipIgvAYBcRWGKGQCDcrdsrhqVKG0I+5OpGEhfp7IkOhEJPQU50hkiOx6M3E/zw7lX7DzWiUpJJEeP6QnzIoYzhLCQ4pJ1iyiQKEOVW7QjxCHGGpsqyqEKzFLy9Dt25YpmHdX9ZaN2UcFXAMTsAZsMA1aIE70AYdgMEzeAXv4EN70d60T+1r3rqilTNH4E9p0x9gRJwv</latexit>

E�|E=(�)| =
X

�:V![q]

|E=(�)| · Pr[�]

=w · @ logZG(w)

@w
<latexit sha1_base64="yVkagjNVapVjgxXpCjLoI6Oxz+c="></latexit><latexit sha1_base64="yVkagjNVapVjgxXpCjLoI6Oxz+c="></latexit><latexit sha1_base64="yVkagjNVapVjgxXpCjLoI6Oxz+c="></latexit><latexit sha1_base64="yVkagjNVapVjgxXpCjLoI6Oxz+c="></latexit>

Lack of phase transition ≈ Lack of complex zeros

ZG(w) :=
X

�:V![q]

w|E=(�)|

<latexit sha1_base64="z19PRv9NfUXPVjaosH0WJ02M61I="></latexit><latexit sha1_base64="z19PRv9NfUXPVjaosH0WJ02M61I="></latexit><latexit sha1_base64="z19PRv9NfUXPVjaosH0WJ02M61I="></latexit><latexit sha1_base64="z19PRv9NfUXPVjaosH0WJ02M61I="></latexit>



Algorithms from Phase transitions: 
Barvinok’s interpolation

Recall the partition function:

[Barvinok, Barvinok and Soberon] 
• Consider the Taylor expansion of log Z 
• In a zero free region, log Z can be approximated to      by its k-th 

order Taylor series for  
•   
• k-th order Taylor series is determined by the first k+1 coefficients of Z 
• Naively computing the first k+1 coefficients of Z takes time 
•       Quasi-polynomial time algorithm for  
• Exploiting the combinatorial structure speeds up to 

±✏
<latexit sha1_base64="1bUhZb/8hMu7RqTD3X7T35yzmus=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiB4GmaCaIKXgBePEcwCmSH0dHqSJr3R3SOEIb/hxYMiXv0Zb/6NnUVwfVDweK+KqnqJYtTYIHj3Ciura+sbxc3S1vbO7l55/6BtZKYxaWHJpO4myBBGBWlZahnpKk0QTxjpJOOrmd+5I9pQKW7tRJGYo6GgKcXIOimKFIcRUYYyKfrlSuDXa/XzoAp/k9AP5qiAJZr98ls0kDjjRFjMkDG9MFA2zpG2FDMyLUWZIQrhMRqSnqMCcWLifH7zFJ44ZQBTqV0JC+fq14kccWMmPHGdHNmR+enNxL+8XmbTWpxToTJLBF4sSjMGrYSzAOCAaoItmziCsKbuVohHSCNsXUwlF8Lnp/B/0q76YeCHN2eVxuUyjiI4AsfgFITgAjTANWiCFsBAgXvwCJ68zHvwnr2XRWvBW84cgm/wXj8AisCSAA==</latexit><latexit sha1_base64="1bUhZb/8hMu7RqTD3X7T35yzmus=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiB4GmaCaIKXgBePEcwCmSH0dHqSJr3R3SOEIb/hxYMiXv0Zb/6NnUVwfVDweK+KqnqJYtTYIHj3Ciura+sbxc3S1vbO7l55/6BtZKYxaWHJpO4myBBGBWlZahnpKk0QTxjpJOOrmd+5I9pQKW7tRJGYo6GgKcXIOimKFIcRUYYyKfrlSuDXa/XzoAp/k9AP5qiAJZr98ls0kDjjRFjMkDG9MFA2zpG2FDMyLUWZIQrhMRqSnqMCcWLifH7zFJ44ZQBTqV0JC+fq14kccWMmPHGdHNmR+enNxL+8XmbTWpxToTJLBF4sSjMGrYSzAOCAaoItmziCsKbuVohHSCNsXUwlF8Lnp/B/0q76YeCHN2eVxuUyjiI4AsfgFITgAjTANWiCFsBAgXvwCJ68zHvwnr2XRWvBW84cgm/wXj8AisCSAA==</latexit><latexit sha1_base64="1bUhZb/8hMu7RqTD3X7T35yzmus=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiB4GmaCaIKXgBePEcwCmSH0dHqSJr3R3SOEIb/hxYMiXv0Zb/6NnUVwfVDweK+KqnqJYtTYIHj3Ciura+sbxc3S1vbO7l55/6BtZKYxaWHJpO4myBBGBWlZahnpKk0QTxjpJOOrmd+5I9pQKW7tRJGYo6GgKcXIOimKFIcRUYYyKfrlSuDXa/XzoAp/k9AP5qiAJZr98ls0kDjjRFjMkDG9MFA2zpG2FDMyLUWZIQrhMRqSnqMCcWLifH7zFJ44ZQBTqV0JC+fq14kccWMmPHGdHNmR+enNxL+8XmbTWpxToTJLBF4sSjMGrYSzAOCAaoItmziCsKbuVohHSCNsXUwlF8Lnp/B/0q76YeCHN2eVxuUyjiI4AsfgFITgAjTANWiCFsBAgXvwCJ68zHvwnr2XRWvBW84cgm/wXj8AisCSAA==</latexit><latexit sha1_base64="1bUhZb/8hMu7RqTD3X7T35yzmus=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiB4GmaCaIKXgBePEcwCmSH0dHqSJr3R3SOEIb/hxYMiXv0Zb/6NnUVwfVDweK+KqnqJYtTYIHj3Ciura+sbxc3S1vbO7l55/6BtZKYxaWHJpO4myBBGBWlZahnpKk0QTxjpJOOrmd+5I9pQKW7tRJGYo6GgKcXIOimKFIcRUYYyKfrlSuDXa/XzoAp/k9AP5qiAJZr98ls0kDjjRFjMkDG9MFA2zpG2FDMyLUWZIQrhMRqSnqMCcWLifH7zFJ44ZQBTqV0JC+fq14kccWMmPHGdHNmR+enNxL+8XmbTWpxToTJLBF4sSjMGrYSzAOCAaoItmziCsKbuVohHSCNsXUwlF8Lnp/B/0q76YeCHN2eVxuUyjiI4AsfgFITgAjTANWiCFsBAgXvwCJ68zHvwnr2XRWvBW84cgm/wXj8AisCSAA==</latexit>

k = O(log(n/✏))
<latexit sha1_base64="hDBvUTRIonQJptHW/C4EMIC3sfQ=">AAAB/3icdVBNS0JBFL3Pvsy+rKCNmyEJdGPvuSglggdt2mWQH6Ai88bRBufNPGbmBWIu2vYz2rQoom1/o13/plEL+jxw4XDOvdx7TxBxpo3rvjmJufmFxaXkcmpldW19I725VdMyVoRWieRSNQKsKWeCVg0znDYiRXEYcFoPBicTv35FlWZSXJhhRNsh7gvWYwQbK3XSO4NjdJZrcdnPif0WjTTjUuTznXTWLZRL5QO3iH4Tr+BOkfUztyUfACqd9GurK0kcUmEIx1o3PTcy7RFWhhFOx6lWrGmEyQD3adNSgUOq26Pp/WO0Z5Uu6kllSxg0Vb9OjHCo9TAMbGeIzaX+6U3Ev7xmbHql9oiJKDZUkNmiXsyRkWgSBuoyRYnhQ0swUczeisglVpgYG1nKhvD5Kfqf1IoFzy14517WP4IZkpCBXciBB4fgwylUoAoEruEOHuDRuXHunSfnedaacD5mtuEbnJd3cROWig==</latexit><latexit sha1_base64="xOq9YTznx73jRMvNiUaPsnq+0K4=">AAAB/3icdVDLSgMxFM3UV62vquCmm2AR2s0404W2iFBw484K9gGdoWTSTA3NJEOSKZTahVs/w40LRdz6Gbrzb0xbBZ8HLhzOuZd77wliRpV2nDcrNTe/sLiUXs6srK6tb2Q3txpKJBKTOhZMyFaAFGGUk7qmmpFWLAmKAkaaQf9k4jcHRCoq+IUexsSPUI/TkGKkjdTJ7vSP4VnBY6JX4PseiRVlgheLnWzesSvlyoFTgr+JaztT5Ku5m3JpoF9qneyr1xU4iQjXmCGl2q4Ta3+EpKaYkXHGSxSJEe6jHmkbylFElD+a3j+Ge0bpwlBIU1zDqfp1YoQipYZRYDojpC/VT28i/uW1Ex2W/RHlcaIJx7NFYcKgFnASBuxSSbBmQ0MQltTcCvElkghrE1nGhPD5KfyfNEq269juuZuvHoEZ0iAHdkEBuOAQVMEpqIE6wOAK3IJ78GBdW3fWo/U0a01ZHzPb4Bus53et2Jg3</latexit><latexit sha1_base64="xOq9YTznx73jRMvNiUaPsnq+0K4=">AAAB/3icdVDLSgMxFM3UV62vquCmm2AR2s0404W2iFBw484K9gGdoWTSTA3NJEOSKZTahVs/w40LRdz6Gbrzb0xbBZ8HLhzOuZd77wliRpV2nDcrNTe/sLiUXs6srK6tb2Q3txpKJBKTOhZMyFaAFGGUk7qmmpFWLAmKAkaaQf9k4jcHRCoq+IUexsSPUI/TkGKkjdTJ7vSP4VnBY6JX4PseiRVlgheLnWzesSvlyoFTgr+JaztT5Ku5m3JpoF9qneyr1xU4iQjXmCGl2q4Ta3+EpKaYkXHGSxSJEe6jHmkbylFElD+a3j+Ge0bpwlBIU1zDqfp1YoQipYZRYDojpC/VT28i/uW1Ex2W/RHlcaIJx7NFYcKgFnASBuxSSbBmQ0MQltTcCvElkghrE1nGhPD5KfyfNEq269juuZuvHoEZ0iAHdkEBuOAQVMEpqIE6wOAK3IJ78GBdW3fWo/U0a01ZHzPb4Bus53et2Jg3</latexit><latexit sha1_base64="oGT/OrOp+QYZRSxY7cVaDZPdWM8=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2AR2s0404W2iFBw484K9gGdoWTStA3NJEOSEcrYhb/ixoUibv0Nd/6N6UPweeDC4Zx7ufeeMGZUadd9tzILi0vLK9nV3Nr6xuaWvb3TUCKRmNSxYEK2QqQIo5zUNdWMtGJJUBQy0gyH5xO/eUOkooJf61FMggj1Oe1RjLSROvbe8AxeFnwm+gV+5JNYUSZ4sdix865TKVeO3RL8TTzHnSIP5qh17De/K3ASEa4xQ0q1PTfWQYqkppiRcc5PFIkRHqI+aRvKUURUkE7vH8NDo3RhT0hTXMOp+nUiRZFSoyg0nRHSA/XTm4h/ee1E98pBSnmcaMLxbFEvYVALOAkDdqkkWLORIQhLam6FeIAkwtpEljMhfH4K/yeNkuO5jnfl5aun8ziyYB8cgALwwAmoggtQA3WAwS24B4/gybqzHqxn62XWmrHmM7vgG6zXD5lglS0=</latexit>

=)
<latexit sha1_base64="ao5VcsFFoyoebScqvShNzaYPsYA=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPw0wQTfAS8OIxglkgGUJPpyZp0j0zdvcIIeQnvHhQxKu/482/sbMIrg8KHu9VUVUvTAXXxvPenaXlldW19dxGfnNre2e3sLff0EmmGNZZIhLVCqlGwWOsG24EtlKFVIYCm+Hwcuo371BpnsQ3ZpRiIGk/5hFn1Fip1eHSbkHdLRQ9t1KunHkl8pv4rjdDERaodQtvnV7CMomxYYJq3fa91ARjqgxnAif5TqYxpWxI+9i2NKYSdTCe3Tshx1bpkShRtmJDZurXiTGVWo9kaDslNQP905uKf3ntzETlYMzjNDMYs/miKBPEJGT6POlxhcyIkSWUKW5vJWxAFWXGRpS3IXx+Sv4njZLre65/fVqsXiziyMEhHMEJ+HAOVbiCGtSBgYB7eIQn59Z5cJ6dl3nrkrOYOYBvcF4/ANQMkHg=</latexit><latexit sha1_base64="ao5VcsFFoyoebScqvShNzaYPsYA=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPw0wQTfAS8OIxglkgGUJPpyZp0j0zdvcIIeQnvHhQxKu/482/sbMIrg8KHu9VUVUvTAXXxvPenaXlldW19dxGfnNre2e3sLff0EmmGNZZIhLVCqlGwWOsG24EtlKFVIYCm+Hwcuo371BpnsQ3ZpRiIGk/5hFn1Fip1eHSbkHdLRQ9t1KunHkl8pv4rjdDERaodQtvnV7CMomxYYJq3fa91ARjqgxnAif5TqYxpWxI+9i2NKYSdTCe3Tshx1bpkShRtmJDZurXiTGVWo9kaDslNQP905uKf3ntzETlYMzjNDMYs/miKBPEJGT6POlxhcyIkSWUKW5vJWxAFWXGRpS3IXx+Sv4njZLre65/fVqsXiziyMEhHMEJ+HAOVbiCGtSBgYB7eIQn59Z5cJ6dl3nrkrOYOYBvcF4/ANQMkHg=</latexit><latexit sha1_base64="ao5VcsFFoyoebScqvShNzaYPsYA=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPw0wQTfAS8OIxglkgGUJPpyZp0j0zdvcIIeQnvHhQxKu/482/sbMIrg8KHu9VUVUvTAXXxvPenaXlldW19dxGfnNre2e3sLff0EmmGNZZIhLVCqlGwWOsG24EtlKFVIYCm+Hwcuo371BpnsQ3ZpRiIGk/5hFn1Fip1eHSbkHdLRQ9t1KunHkl8pv4rjdDERaodQtvnV7CMomxYYJq3fa91ARjqgxnAif5TqYxpWxI+9i2NKYSdTCe3Tshx1bpkShRtmJDZurXiTGVWo9kaDslNQP905uKf3ntzETlYMzjNDMYs/miKBPEJGT6POlxhcyIkSWUKW5vJWxAFWXGRpS3IXx+Sv4njZLre65/fVqsXiziyMEhHMEJ+HAOVbiCGtSBgYB7eIQn59Z5cJ6dl3nrkrOYOYBvcF4/ANQMkHg=</latexit><latexit sha1_base64="ao5VcsFFoyoebScqvShNzaYPsYA=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPw0wQTfAS8OIxglkgGUJPpyZp0j0zdvcIIeQnvHhQxKu/482/sbMIrg8KHu9VUVUvTAXXxvPenaXlldW19dxGfnNre2e3sLff0EmmGNZZIhLVCqlGwWOsG24EtlKFVIYCm+Hwcuo371BpnsQ3ZpRiIGk/5hFn1Fip1eHSbkHdLRQ9t1KunHkl8pv4rjdDERaodQtvnV7CMomxYYJq3fa91ARjqgxnAif5TqYxpWxI+9i2NKYSdTCe3Tshx1bpkShRtmJDZurXiTGVWo9kaDslNQP905uKf3ntzETlYMzjNDMYs/miKBPEJGT6POlxhcyIkSWUKW5vJWxAFWXGRpS3IXx+Sv4njZLre65/fVqsXiziyMEhHMEJ+HAOVbiCGtSBgYB7eIQn59Z5cJ6dl3nrkrOYOYBvcF4/ANQMkHg=</latexit>

ZG(w) :=
X

�:V![q]

w|E=(�)|

<latexit sha1_base64="z19PRv9NfUXPVjaosH0WJ02M61I="></latexit><latexit sha1_base64="z19PRv9NfUXPVjaosH0WJ02M61I="></latexit><latexit sha1_base64="z19PRv9NfUXPVjaosH0WJ02M61I="></latexit><latexit sha1_base64="z19PRv9NfUXPVjaosH0WJ02M61I="></latexit>

O(nk)
<latexit sha1_base64="Ys1emfQ6WWzx9FIBdyFRhe378RA=">AAAB7XicdVBNS8NAEJ3Ur1q/qh57WSxCvYSkB23xEvDizQq2FtpYNttNu3azCbsboYT+AU9ePCji1f/jzX/jtlXw88HA470Z5s0ECWdKO86blVtYXFpeya8W1tY3NreK2zstFaeS0CaJeSzbAVaUM0GbmmlO24mkOAo4vQxGJ1P/8oZKxWJxoccJ9SM8ECxkBGsjtc4q4mp00CuWHbteqx86VfSbuLYzQ9kr3dY8AGj0iq/dfkzSiApNOFaq4zqJ9jMsNSOcTgrdVNEEkxEe0I6hAkdU+dks7QTtG6WPwliaEhrN1K8TGY6UGkeB6YywHqqf3lT8y+ukOqz5GRNJqqkg80VhypGO0fR01GeSEs3HhmAimcmKyBBLTLR5UME84fNS9D9pVW3Xsd1zt+wdwxx5KMEeVMCFI/DgFBrQBALXcAcP8GjF1r31ZD3PW3PWx8wufIP18g4gOZBG</latexit><latexit sha1_base64="bL03txuTvVmMK1HiGCS4uOT9zrY=">AAAB7XicdVDLSgNBEOz1GeMr6jGXwSDEy7KbgyZ4CXjxZgTzgGQNs5PZZMzs7DIzGwhLfsCTFw+KePV79ObfOEkUfBY0FFXddHX7MWdKO86btbC4tLyymlnLrm9sbm3ndnYbKkokoXUS8Ui2fKwoZ4LWNdOctmJJcehz2vSHp1O/OaJSsUhc6nFMvRD3BQsYwdpIjfOiuBoednMFx66UK0dOCf0mru3MUKjmb8qlkX6pdXOvnV5EkpAKTThWqu06sfZSLDUjnE6ynUTRGJMh7tO2oQKHVHnpLO0EHRilh4JImhIazdSvEykOlRqHvukMsR6on95U/MtrJzooeykTcaKpIPNFQcKRjtD0dNRjkhLNx4ZgIpnJisgAS0y0eVDWPOHzUvQ/aZRs17HdC7dQPYE5MpCHfSiCC8dQhTOoQR0IXMMt3MODFVl31qP1NG9dsD5m9uAbrOd3XP6R8w==</latexit><latexit sha1_base64="bL03txuTvVmMK1HiGCS4uOT9zrY=">AAAB7XicdVDLSgNBEOz1GeMr6jGXwSDEy7KbgyZ4CXjxZgTzgGQNs5PZZMzs7DIzGwhLfsCTFw+KePV79ObfOEkUfBY0FFXddHX7MWdKO86btbC4tLyymlnLrm9sbm3ndnYbKkokoXUS8Ui2fKwoZ4LWNdOctmJJcehz2vSHp1O/OaJSsUhc6nFMvRD3BQsYwdpIjfOiuBoednMFx66UK0dOCf0mru3MUKjmb8qlkX6pdXOvnV5EkpAKTThWqu06sfZSLDUjnE6ynUTRGJMh7tO2oQKHVHnpLO0EHRilh4JImhIazdSvEykOlRqHvukMsR6on95U/MtrJzooeykTcaKpIPNFQcKRjtD0dNRjkhLNx4ZgIpnJisgAS0y0eVDWPOHzUvQ/aZRs17HdC7dQPYE5MpCHfSiCC8dQhTOoQR0IXMMt3MODFVl31qP1NG9dsD5m9uAbrOd3XP6R8w==</latexit><latexit sha1_base64="X0q7gbv7xMdEkwx7mNgSex2+GBs=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiDEyzCTgyZ4CXjxZgSzQDKGnk5P0qane+juEULIP3jxoIhX/8ebf2NnEVwfFDzeq6KqXphwpo3nvTuZpeWV1bXsem5jc2t7J7+719AyVYTWieRStUKsKWeC1g0znLYSRXEcctoMh+dTv3lHlWZSXJtRQoMY9wWLGMHGSo3LorgZHnfzBc+tlCsnXgn9Jr7rzVCABWrd/FunJ0kaU2EIx1q3fS8xwRgrwwink1wn1TTBZIj7tG2pwDHVwXh27QQdWaWHIqlsCYNm6teJMY61HsWh7YyxGeif3lT8y2unJioHYyaS1FBB5ouilCMj0fR11GOKEsNHlmCimL0VkQFWmBgbUM6G8Pkp+p80Sq7vuf6VX6ieLeLIwgEcQhF8OIUqXEAN6kDgFu7hEZ4c6Tw4z87LvDXjLGb24Ruc1w9Iho7p</latexit>

k = O(log(n/✏))
<latexit sha1_base64="hDBvUTRIonQJptHW/C4EMIC3sfQ=">AAAB/3icdVBNS0JBFL3Pvsy+rKCNmyEJdGPvuSglggdt2mWQH6Ai88bRBufNPGbmBWIu2vYz2rQoom1/o13/plEL+jxw4XDOvdx7TxBxpo3rvjmJufmFxaXkcmpldW19I725VdMyVoRWieRSNQKsKWeCVg0znDYiRXEYcFoPBicTv35FlWZSXJhhRNsh7gvWYwQbK3XSO4NjdJZrcdnPif0WjTTjUuTznXTWLZRL5QO3iH4Tr+BOkfUztyUfACqd9GurK0kcUmEIx1o3PTcy7RFWhhFOx6lWrGmEyQD3adNSgUOq26Pp/WO0Z5Uu6kllSxg0Vb9OjHCo9TAMbGeIzaX+6U3Ev7xmbHql9oiJKDZUkNmiXsyRkWgSBuoyRYnhQ0swUczeisglVpgYG1nKhvD5Kfqf1IoFzy14517WP4IZkpCBXciBB4fgwylUoAoEruEOHuDRuXHunSfnedaacD5mtuEbnJd3cROWig==</latexit><latexit sha1_base64="xOq9YTznx73jRMvNiUaPsnq+0K4=">AAAB/3icdVDLSgMxFM3UV62vquCmm2AR2s0404W2iFBw484K9gGdoWTSTA3NJEOSKZTahVs/w40LRdz6Gbrzb0xbBZ8HLhzOuZd77wliRpV2nDcrNTe/sLiUXs6srK6tb2Q3txpKJBKTOhZMyFaAFGGUk7qmmpFWLAmKAkaaQf9k4jcHRCoq+IUexsSPUI/TkGKkjdTJ7vSP4VnBY6JX4PseiRVlgheLnWzesSvlyoFTgr+JaztT5Ku5m3JpoF9qneyr1xU4iQjXmCGl2q4Ta3+EpKaYkXHGSxSJEe6jHmkbylFElD+a3j+Ge0bpwlBIU1zDqfp1YoQipYZRYDojpC/VT28i/uW1Ex2W/RHlcaIJx7NFYcKgFnASBuxSSbBmQ0MQltTcCvElkghrE1nGhPD5KfyfNEq269juuZuvHoEZ0iAHdkEBuOAQVMEpqIE6wOAK3IJ78GBdW3fWo/U0a01ZHzPb4Bus53et2Jg3</latexit><latexit sha1_base64="xOq9YTznx73jRMvNiUaPsnq+0K4=">AAAB/3icdVDLSgMxFM3UV62vquCmm2AR2s0404W2iFBw484K9gGdoWTSTA3NJEOSKZTahVs/w40LRdz6Gbrzb0xbBZ8HLhzOuZd77wliRpV2nDcrNTe/sLiUXs6srK6tb2Q3txpKJBKTOhZMyFaAFGGUk7qmmpFWLAmKAkaaQf9k4jcHRCoq+IUexsSPUI/TkGKkjdTJ7vSP4VnBY6JX4PseiRVlgheLnWzesSvlyoFTgr+JaztT5Ku5m3JpoF9qneyr1xU4iQjXmCGl2q4Ta3+EpKaYkXHGSxSJEe6jHmkbylFElD+a3j+Ge0bpwlBIU1zDqfp1YoQipYZRYDojpC/VT28i/uW1Ex2W/RHlcaIJx7NFYcKgFnASBuxSSbBmQ0MQltTcCvElkghrE1nGhPD5KfyfNEq269juuZuvHoEZ0iAHdkEBuOAQVMEpqIE6wOAK3IJ78GBdW3fWo/U0a01ZHzPb4Bus53et2Jg3</latexit><latexit sha1_base64="oGT/OrOp+QYZRSxY7cVaDZPdWM8=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2AR2s0404W2iFBw484K9gGdoWTStA3NJEOSEcrYhb/ixoUibv0Nd/6N6UPweeDC4Zx7ufeeMGZUadd9tzILi0vLK9nV3Nr6xuaWvb3TUCKRmNSxYEK2QqQIo5zUNdWMtGJJUBQy0gyH5xO/eUOkooJf61FMggj1Oe1RjLSROvbe8AxeFnwm+gV+5JNYUSZ4sdix865TKVeO3RL8TTzHnSIP5qh17De/K3ASEa4xQ0q1PTfWQYqkppiRcc5PFIkRHqI+aRvKUURUkE7vH8NDo3RhT0hTXMOp+nUiRZFSoyg0nRHSA/XTm4h/ee1E98pBSnmcaMLxbFEvYVALOAkDdqkkWLORIQhLam6FeIAkwtpEljMhfH4K/yeNkuO5jnfl5aun8ziyYB8cgALwwAmoggtQA3WAwS24B4/gybqzHqxn62XWmrHmM7vgG6zXD5lglS0=</latexit>

O(n(e�)k)
<latexit sha1_base64="hcpX2qAR6SzpOBGcVD/V6UePjUs=">AAAB+nicdVDLSgNBEOz1GeNr1aOXwSAkl2XXgyZ4CejBmxGMCkkMs5NOHDI7u8zMKmH1B/wHLx4U8eqXePNvnCQKPgsaiqpuurvCRHBtfP/NmZicmp6Zzc3l5xcWl5bdldUTHaeKYZ3FIlZnIdUouMS64UbgWaKQRqHA07C/N/RPL1FpHstjM0iwFdGe5F3OqLFS2105LEpSRNLcR2Fo6bxfarsF36uUK9v+FvlNAs8foVBdvy1XAaDWdl+bnZilEUrDBNW6EfiJaWVUGc4E3uSbqcaEsj7tYcNSSSPUrWx0+g3ZtEqHdGNlSxoyUr9OZDTSehCFtjOi5kL/9IbiX14jNd1yK+MySQ1KNl7UTQUxMRnmQDpcITNiYAllittbCbugijJj08rbED4/Jf+Tky0v8L3gKChUd2GMHKzDBhQhgB2owgHUoA4MruAOHuDRuXbunSfnedw64XzMrME3OC/vOAWUIQ==</latexit><latexit sha1_base64="stl/1h3nxAMD4Ri347EyzuhW/pY=">AAAB+nicdVDLSgNBEJz1GeMr6jGXwSDEy7KbgyZ4CejBmxGMCkkMs5NeHTI7u8z0KiHmB/wHLx4U8eqP6M2/cZIo+CxoKKq66e4KEikMet6bMzE5NT0zm5nLzi8sLi3nVlaPTZxqDnUey1ifBsyAFArqKFDCaaKBRYGEk6C7O/RPLkEbEasj7CXQiti5EqHgDK3Uzq0cFBUtAm3ugUS2edbdbOcKnlspV7a8Ev1NfNcboVDN35RLl/hSa+dem52YpxEo5JIZ0/C9BFt9plFwCYNsMzWQMN5l59CwVLEITKs/On1AN6zSoWGsbSmkI/XrRJ9FxvSiwHZGDC/MT28o/uU1UgzLrb5QSYqg+HhRmEqKMR3mQDtCA0fZs4RxLeytlF8wzTjatLI2hM9P6f/kuOT6nusf+oXqDhkjQ/JknRSJT7ZJleyTGqkTTq7ILbknD861c+c8Ok/j1gnnY2aNfIPz/A50ypXO</latexit><latexit sha1_base64="stl/1h3nxAMD4Ri347EyzuhW/pY=">AAAB+nicdVDLSgNBEJz1GeMr6jGXwSDEy7KbgyZ4CejBmxGMCkkMs5NeHTI7u8z0KiHmB/wHLx4U8eqP6M2/cZIo+CxoKKq66e4KEikMet6bMzE5NT0zm5nLzi8sLi3nVlaPTZxqDnUey1ifBsyAFArqKFDCaaKBRYGEk6C7O/RPLkEbEasj7CXQiti5EqHgDK3Uzq0cFBUtAm3ugUS2edbdbOcKnlspV7a8Ev1NfNcboVDN35RLl/hSa+dem52YpxEo5JIZ0/C9BFt9plFwCYNsMzWQMN5l59CwVLEITKs/On1AN6zSoWGsbSmkI/XrRJ9FxvSiwHZGDC/MT28o/uU1UgzLrb5QSYqg+HhRmEqKMR3mQDtCA0fZs4RxLeytlF8wzTjatLI2hM9P6f/kuOT6nusf+oXqDhkjQ/JknRSJT7ZJleyTGqkTTq7ILbknD861c+c8Ok/j1gnnY2aNfIPz/A50ypXO</latexit><latexit sha1_base64="P9hU2PwRCRHBH8IxuG3uBaHcKi8=">AAAB+nicdVDJSgNBEO2JW4zbRI9eGoOQXMJMDprgJaAHb0YwCyRj6OlUkiY9PUN3jxLGfIoXD4p49Uu8+Td2FsH1QcHjvSqq6vkRZ0o7zruVWlpeWV1Lr2c2Nre2d+zsbkOFsaRQpyEPZcsnCjgTUNdMc2hFEkjgc2j6o9Op37wBqVgorvQ4Ai8gA8H6jBJtpK6dvcgLnAfcOQOuSeF6VOjaOadYKVeOnBL+TdyiM0MOLVDr2m+dXkjjAISmnCjVdp1IewmRmlEOk0wnVhAROiIDaBsqSADKS2anT/ChUXq4H0pTQuOZ+nUiIYFS48A3nQHRQ/XTm4p/ee1Y98tewkQUaxB0vqgfc6xDPM0B95gEqvnYEEIlM7diOiSSUG3SypgQPj/F/5NGqeg6RffSzVVPFnGk0T46QHnkomNUReeohuqIolt0jx7Rk3VnPVjP1su8NWUtZvbQN1ivH2BSksQ=</latexit>

logZG(w)± ✏ () (1± ✏) · ZG(w)
<latexit sha1_base64="SU+HtSGTTkRlvsm7jVI3rJxTNoU="></latexit><latexit sha1_base64="SU+HtSGTTkRlvsm7jVI3rJxTNoU="></latexit><latexit sha1_base64="SU+HtSGTTkRlvsm7jVI3rJxTNoU="></latexit><latexit sha1_base64="SU+HtSGTTkRlvsm7jVI3rJxTNoU="></latexit>



Fisher zeros of the Potts model
Recall the partition function:

Our zero-freeness result: 
Fix any integer    such that             . Then there exists a 
constant       such that 

q � 2�
<latexit sha1_base64="emjZFXcmuY5opDeoQIuWtXQ2dyw=">AAAB9HicdVDJSgNBEK2JW4xbVDx5aQyCpzCTgyZ4CejBYwSzQDKEnk5N0qRnSXdPIAz5AX/AiwdFvPox3vwbO4mC64OCx3tVVNXzYsGVtu03K7O0vLK6ll3PbWxube/kd/caKkokwzqLRCRbHlUoeIh1zbXAViyRBp7Apje8mPnNMUrFo/BGT2J0A9oPuc8Z1UZyR6TTR1LqXKLQtJsv2MVKuXJql8hv4hTtOQrVg9tyFQBq3fxrpxexJMBQM0GVajt2rN2USs2ZwGmukyiMKRvSPrYNDWmAyk3nR0/JsVF6xI+kqVCTufp1IqWBUpPAM50B1QP105uJf3ntRPtlN+VhnGgM2WKRnwiiIzJLgPS4RKbFxBDKJDe3EjagkjJtcsqZED4/Jf+TRqno2EXn2ilUz2GBLBzCEZyAA2dQhSuoQR0YjOAOHuDRGlv31pP1vGjNWB8z+/AN1ss777mTAA==</latexit><latexit sha1_base64="HnLvmW/8XsicocjePl0uhy5NiwQ=">AAAB9HicdVDJSgNBEO1xjXGLiicvjUHwFGZy0AQvAT14jGAWSIbQ06lJmvQs6a4JhCE/4A948aCIV/9Fb/6NnUTB9UHB470qqup5sRQabfvNWlhcWl5Zzaxl1zc2t7ZzO7t1HSWKQ41HMlJNj2mQIoQaCpTQjBWwwJPQ8AbnU78xAqVFFF7jOAY3YL1Q+IIzNJI7pO0e0GL7AiSyTi5vF8ql8oldpL+JU7BnyFf2b0rFEb5UO7nXdjfiSQAhcsm0bjl2jG7KFAouYZJtJxpixgesBy1DQxaAdtPZ0RN6ZJQu9SNlKkQ6U79OpCzQehx4pjNg2Nc/van4l9dK0C+5qQjjBCHk80V+IilGdJoA7QoFHOXYEMaVMLdS3meKcTQ5ZU0In5/S/0m9WHDsgnPl5CtnZI4MOSCH5Jg45JRUyCWpkhrhZEhuyT15sEbWnfVoPc1bF6yPmT3yDdbzOyyNlK0=</latexit><latexit sha1_base64="HnLvmW/8XsicocjePl0uhy5NiwQ=">AAAB9HicdVDJSgNBEO1xjXGLiicvjUHwFGZy0AQvAT14jGAWSIbQ06lJmvQs6a4JhCE/4A948aCIV/9Fb/6NnUTB9UHB470qqup5sRQabfvNWlhcWl5Zzaxl1zc2t7ZzO7t1HSWKQ41HMlJNj2mQIoQaCpTQjBWwwJPQ8AbnU78xAqVFFF7jOAY3YL1Q+IIzNJI7pO0e0GL7AiSyTi5vF8ql8oldpL+JU7BnyFf2b0rFEb5UO7nXdjfiSQAhcsm0bjl2jG7KFAouYZJtJxpixgesBy1DQxaAdtPZ0RN6ZJQu9SNlKkQ6U79OpCzQehx4pjNg2Nc/van4l9dK0C+5qQjjBCHk80V+IilGdJoA7QoFHOXYEMaVMLdS3meKcTQ5ZU0In5/S/0m9WHDsgnPl5CtnZI4MOSCH5Jg45JRUyCWpkhrhZEhuyT15sEbWnfVoPc1bF6yPmT3yDdbzOyyNlK0=</latexit><latexit sha1_base64="GE0L4PCmQ8bLHPGuWBh3aTRE34w=">AAAB9HicdVDJSgNBEO1xjXGLevTSGARPw0wOmuAloAePEcwCmSH0dGqSJj1LumsCIeQ7vHhQxKsf482/sbMIrg8KHu9VUVUvSKXQ6Djv1srq2vrGZm4rv72zu7dfODhs6CRTHOo8kYlqBUyDFDHUUaCEVqqARYGEZjC4mvnNESgtkvgOxyn4EevFIhScoZH8IfV6QEveNUhknULRsSvlyrlTor+JaztzFMkStU7hzesmPIsgRi6Z1m3XSdGfMIWCS5jmvUxDyviA9aBtaMwi0P5kfvSUnhqlS8NEmYqRztWvExMWaT2OAtMZMezrn95M/MtrZxiW/YmI0wwh5otFYSYpJnSWAO0KBRzl2BDGlTC3Ut5ninE0OeVNCJ+f0v9Jo2S7ju3eusXq5TKOHDkmJ+SMuOSCVMkNqZE64WRI7skjebJG1oP1bL0sWles5cwR+Qbr9QMgN5Gp</latexit>

q
<latexit sha1_base64="t+i7NJgRK3hdJnLOyh9XqWrFkFE=">AAAB6HicdVDJSgNBEK2JW4xbVDx5aQyCp2HGgyZ4GfDiMQGzQBJCT6cmadOz2N0jhCE/oBcPinj1k7z5N3YSBdcHBY/3qqhX5SeCK+04b1ZuYXFpeSW/Wlhb39jcKm7vNFScSoZ1FotYtnyqUPAI65prga1EIg19gU1/dD71mzcoFY+jSz1OsBvSQcQDzqg2Uu26Vyw5dqVcOXGOyW/i2s4MJW/vtuwBQLVXfO30Y5aGGGkmqFJt10l0N6NScyZwUuikChPKRnSAbUMjGqLqZrOgE3JolD4JYmkq0mSmfp3IaKjUOPRNZ0j1UP30puJfXjvVQbmb8ShJNUZsvihIBdExmV5N+lwi02JsCGWSm6yEDamkTJvfFMwTPi8l/5PGse06tltzS94ZzJGHfTiAI3DhFDy4gCrUgQHCHTzAo3Vl3VtP1vO8NWd9zOzCN1gv7zwujqg=</latexit><latexit sha1_base64="UuJp0fSKvSwBjBbO+15VtiyQ1eU=">AAAB6HicdVDLSgNBEOyNrxhfUfHkZTAInpbdHDTBS8CLxwRMIiQhzE56kzGzD2dmA2HJD+jFgyJe/SO9+TdOEgWfBQ1FVTdd3V4suNKO82ZlFhaXlleyq7m19Y3Nrfz2TkNFiWRYZ5GI5KVHFQoeYl1zLfAylkgDT2DTG55N/eYIpeJReKHHMXYC2g+5zxnVRqpdd/MFxy6XysdOkfwmru3MUKjs3ZSKI/1S7eZf272IJQGGmgmqVMt1Yt1JqdScCZzk2onCmLIh7WPL0JAGqDrpLOiEHBqlR/xImgo1malfJ1IaKDUOPNMZUD1QP72p+JfXSrRf6qQ8jBONIZsv8hNBdESmV5Mel8i0GBtCmeQmK2EDKinT5jc584TPS8n/pFG0Xcd2a26hcgpzZGEfDuAIXDiBCpxDFerAAOEW7uHBurLurEfrad6asT5mduEbrOd3ePOQVQ==</latexit><latexit sha1_base64="UuJp0fSKvSwBjBbO+15VtiyQ1eU=">AAAB6HicdVDLSgNBEOyNrxhfUfHkZTAInpbdHDTBS8CLxwRMIiQhzE56kzGzD2dmA2HJD+jFgyJe/SO9+TdOEgWfBQ1FVTdd3V4suNKO82ZlFhaXlleyq7m19Y3Nrfz2TkNFiWRYZ5GI5KVHFQoeYl1zLfAylkgDT2DTG55N/eYIpeJReKHHMXYC2g+5zxnVRqpdd/MFxy6XysdOkfwmru3MUKjs3ZSKI/1S7eZf272IJQGGmgmqVMt1Yt1JqdScCZzk2onCmLIh7WPL0JAGqDrpLOiEHBqlR/xImgo1malfJ1IaKDUOPNMZUD1QP72p+JfXSrRf6qQ8jBONIZsv8hNBdESmV5Mel8i0GBtCmeQmK2EDKinT5jc584TPS8n/pFG0Xcd2a26hcgpzZGEfDuAIXDiBCpxDFerAAOEW7uHBurLurEfrad6asT5mduEbrOd3ePOQVQ==</latexit><latexit sha1_base64="YC90wmFLVzAAmNTL9Rjxq8r5zrY=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmZy0AQvAS8eEzALJEPo6dQkbXoWu3uEMOQLvHhQxKuf5M2/sbMIrg8KHu9VUVXPTwRX2nHerdzK6tr6Rn6zsLW9s7tX3D9oqTiVDJssFrHs+FSh4BE2NdcCO4lEGvoC2/74cua371AqHkfXepKgF9JhxAPOqDZS47ZfLDl2tVI9c8rkN3FtZ44SLFHvF996g5ilIUaaCapU13US7WVUas4ETgu9VGFC2ZgOsWtoRENUXjY/dEpOjDIgQSxNRZrM1a8TGQ2VmoS+6QypHqmf3kz8y+umOqh4GY+SVGPEFouCVBAdk9nXZMAlMi0mhlAmubmVsBGVlGmTTcGE8Pkp+Z+0yrbr2G7DLdUulnHk4QiO4RRcOIcaXEEdmsAA4R4e4cm6sR6sZ+tl0ZqzljOH8A3W6wdsnY1R</latexit>

⌧�
<latexit sha1_base64="ekThSKZeKXCQqFDl0ZexVNnSaPw=">AAAB8nicdVDJSgNBEO1xjXGLevTSGARPw0wQTfAS0IPHCGaBmSH0dHqSJj3dQ3eNEEI+w4sHRbz6Nd78GzuL4Pqg4PFeFVX14kxwA5737iwtr6yurRc2iptb2zu7pb39llG5pqxJlVC6ExPDBJesCRwE62SakTQWrB0PL6d++45pw5W8hVHGopT0JU84JWClIASSd8MrJoB0S2XPrVVrZ14F/ya+681QRgs0uqW3sKdonjIJVBBjAt/LIBoTDZwKNimGuWEZoUPSZ4GlkqTMROPZyRN8bJUeTpS2JQHP1K8TY5IaM0pj25kSGJif3lT8ywtySKrRmMssBybpfFGSCwwKT//HPa4ZBTGyhFDN7a2YDogmFGxKRRvC56f4f9KquL7n+jen5frFIo4COkRH6AT56BzV0TVqoCaiSKF79IieHHAenGfnZd665CxmDtA3OK8fyxiRkg==</latexit><latexit sha1_base64="ekThSKZeKXCQqFDl0ZexVNnSaPw=">AAAB8nicdVDJSgNBEO1xjXGLevTSGARPw0wQTfAS0IPHCGaBmSH0dHqSJj3dQ3eNEEI+w4sHRbz6Nd78GzuL4Pqg4PFeFVX14kxwA5737iwtr6yurRc2iptb2zu7pb39llG5pqxJlVC6ExPDBJesCRwE62SakTQWrB0PL6d++45pw5W8hVHGopT0JU84JWClIASSd8MrJoB0S2XPrVVrZ14F/ya+681QRgs0uqW3sKdonjIJVBBjAt/LIBoTDZwKNimGuWEZoUPSZ4GlkqTMROPZyRN8bJUeTpS2JQHP1K8TY5IaM0pj25kSGJif3lT8ywtySKrRmMssBybpfFGSCwwKT//HPa4ZBTGyhFDN7a2YDogmFGxKRRvC56f4f9KquL7n+jen5frFIo4COkRH6AT56BzV0TVqoCaiSKF79IieHHAenGfnZd665CxmDtA3OK8fyxiRkg==</latexit><latexit sha1_base64="ekThSKZeKXCQqFDl0ZexVNnSaPw=">AAAB8nicdVDJSgNBEO1xjXGLevTSGARPw0wQTfAS0IPHCGaBmSH0dHqSJj3dQ3eNEEI+w4sHRbz6Nd78GzuL4Pqg4PFeFVX14kxwA5737iwtr6yurRc2iptb2zu7pb39llG5pqxJlVC6ExPDBJesCRwE62SakTQWrB0PL6d++45pw5W8hVHGopT0JU84JWClIASSd8MrJoB0S2XPrVVrZ14F/ya+681QRgs0uqW3sKdonjIJVBBjAt/LIBoTDZwKNimGuWEZoUPSZ4GlkqTMROPZyRN8bJUeTpS2JQHP1K8TY5IaM0pj25kSGJif3lT8ywtySKrRmMssBybpfFGSCwwKT//HPa4ZBTGyhFDN7a2YDogmFGxKRRvC56f4f9KquL7n+jen5frFIo4COkRH6AT56BzV0TVqoCaiSKF79IieHHAenGfnZd665CxmDtA3OK8fyxiRkg==</latexit><latexit sha1_base64="ekThSKZeKXCQqFDl0ZexVNnSaPw=">AAAB8nicdVDJSgNBEO1xjXGLevTSGARPw0wQTfAS0IPHCGaBmSH0dHqSJj3dQ3eNEEI+w4sHRbz6Nd78GzuL4Pqg4PFeFVX14kxwA5737iwtr6yurRc2iptb2zu7pb39llG5pqxJlVC6ExPDBJesCRwE62SakTQWrB0PL6d++45pw5W8hVHGopT0JU84JWClIASSd8MrJoB0S2XPrVVrZ14F/ya+681QRgs0uqW3sKdonjIJVBBjAt/LIBoTDZwKNimGuWEZoUPSZ4GlkqTMROPZyRN8bJUeTpS2JQHP1K8TY5IaM0pj25kSGJif3lT8ywtySKrRmMssBybpfFGSCwwKT//HPa4ZBTGyhFDN7a2YDogmFGxKRRvC56f4f9KquL7n+jen5frFIo4COkRH6AT56BzV0TVqoCaiSKF79IieHHAenGfnZd665CxmDtA3OK8fyxiRkg==</latexit>

ZG(w) 6= 0 when w 2 B ([0, 1], ⌧�)
<latexit sha1_base64="pH9rJczFreh07AfBMJK3p7EQoeE="></latexit><latexit sha1_base64="pH9rJczFreh07AfBMJK3p7EQoeE="></latexit><latexit sha1_base64="pH9rJczFreh07AfBMJK3p7EQoeE="></latexit><latexit sha1_base64="pH9rJczFreh07AfBMJK3p7EQoeE="></latexit>

0 w = 1
<latexit sha1_base64="3PIa+I4riaVCjZt4wLJ5wqNC0Uo=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyyCizJM6tBWRCi4cVnBXmA6lEyatqGZC0lGKUNfwo2v4saFIm4Fd76NmbYLbT0Q+Pj/c5KT3485k8q2v42V1bX1jc3cVn57Z3dv3zw4bMooEYQ2SMQj0faxpJyFtKGY4rQdC4oDn9OWP7rO/NY9FZJF4Z0ax9QL8CBkfUaw0lLXLKad6SWuGPhealsX1XLJKRdty7YrqIQyKFWcc2fyMLlCXbOQGVnBZUBzKIB51bvmV6cXkSSgoSIcS+kiO1ZeioVihNNJvpNIGmMywgPqagxxQKWXTheawFOt9GA/EvqECk7V3xMpDqQcB77uDLAaykUvE//z3ET1q17KwjhRNCSzh/oJhyqCWUSwxwQlio81YCKY3hWSIRaYKB1kXoeAFr+8DM2ShWwL3TqF2uU8jhw4BifgDCBQATVwA+qgAQh4BM/gFbwZT8aL8W58zFpXjPnMEfhTxucPvWyasw==</latexit><latexit sha1_base64="3PIa+I4riaVCjZt4wLJ5wqNC0Uo=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyyCizJM6tBWRCi4cVnBXmA6lEyatqGZC0lGKUNfwo2v4saFIm4Fd76NmbYLbT0Q+Pj/c5KT3485k8q2v42V1bX1jc3cVn57Z3dv3zw4bMooEYQ2SMQj0faxpJyFtKGY4rQdC4oDn9OWP7rO/NY9FZJF4Z0ax9QL8CBkfUaw0lLXLKad6SWuGPhealsX1XLJKRdty7YrqIQyKFWcc2fyMLlCXbOQGVnBZUBzKIB51bvmV6cXkSSgoSIcS+kiO1ZeioVihNNJvpNIGmMywgPqagxxQKWXTheawFOt9GA/EvqECk7V3xMpDqQcB77uDLAaykUvE//z3ET1q17KwjhRNCSzh/oJhyqCWUSwxwQlio81YCKY3hWSIRaYKB1kXoeAFr+8DM2ShWwL3TqF2uU8jhw4BifgDCBQATVwA+qgAQh4BM/gFbwZT8aL8W58zFpXjPnMEfhTxucPvWyasw==</latexit><latexit sha1_base64="3PIa+I4riaVCjZt4wLJ5wqNC0Uo=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyyCizJM6tBWRCi4cVnBXmA6lEyatqGZC0lGKUNfwo2v4saFIm4Fd76NmbYLbT0Q+Pj/c5KT3485k8q2v42V1bX1jc3cVn57Z3dv3zw4bMooEYQ2SMQj0faxpJyFtKGY4rQdC4oDn9OWP7rO/NY9FZJF4Z0ax9QL8CBkfUaw0lLXLKad6SWuGPhealsX1XLJKRdty7YrqIQyKFWcc2fyMLlCXbOQGVnBZUBzKIB51bvmV6cXkSSgoSIcS+kiO1ZeioVihNNJvpNIGmMywgPqagxxQKWXTheawFOt9GA/EvqECk7V3xMpDqQcB77uDLAaykUvE//z3ET1q17KwjhRNCSzh/oJhyqCWUSwxwQlio81YCKY3hWSIRaYKB1kXoeAFr+8DM2ShWwL3TqF2uU8jhw4BifgDCBQATVwA+qgAQh4BM/gFbwZT8aL8W58zFpXjPnMEfhTxucPvWyasw==</latexit><latexit sha1_base64="3PIa+I4riaVCjZt4wLJ5wqNC0Uo=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyyCizJM6tBWRCi4cVnBXmA6lEyatqGZC0lGKUNfwo2v4saFIm4Fd76NmbYLbT0Q+Pj/c5KT3485k8q2v42V1bX1jc3cVn57Z3dv3zw4bMooEYQ2SMQj0faxpJyFtKGY4rQdC4oDn9OWP7rO/NY9FZJF4Z0ax9QL8CBkfUaw0lLXLKad6SWuGPhealsX1XLJKRdty7YrqIQyKFWcc2fyMLlCXbOQGVnBZUBzKIB51bvmV6cXkSSgoSIcS+kiO1ZeioVihNNJvpNIGmMywgPqagxxQKWXTheawFOt9GA/EvqECk7V3xMpDqQcB77uDLAaykUvE//z3ET1q17KwjhRNCSzh/oJhyqCWUSwxwQlio81YCKY3hWSIRaYKB1kXoeAFr+8DM2ShWwL3TqF2uU8jhw4BifgDCBQATVwA+qgAQh4BM/gFbwZT8aL8W58zFpXjPnMEfhTxucPvWyasw==</latexit>

ZG(w) :=
X

�:V![q]

w|E=(�)|

<latexit sha1_base64="z19PRv9NfUXPVjaosH0WJ02M61I="></latexit><latexit sha1_base64="z19PRv9NfUXPVjaosH0WJ02M61I="></latexit><latexit sha1_base64="z19PRv9NfUXPVjaosH0WJ02M61I="></latexit><latexit sha1_base64="z19PRv9NfUXPVjaosH0WJ02M61I="></latexit>

Prior to our work: 
• [Bencs. et. al.]: similar region 
•  [Sokal] or  [Fernández and Procacci]: 

entire unit disk

q ≥ eΔ + 1
q ≥ 7.964Δ q ≥ 6.907Δ



Potts model (triangle-free)
ZG(w) :=

X

�:V![q]

w|E=(�)|

<latexit sha1_base64="z19PRv9NfUXPVjaosH0WJ02M61I="></latexit><latexit sha1_base64="z19PRv9NfUXPVjaosH0WJ02M61I="></latexit><latexit sha1_base64="z19PRv9NfUXPVjaosH0WJ02M61I="></latexit><latexit sha1_base64="z19PRv9NfUXPVjaosH0WJ02M61I="></latexit>

Triangle-free graphs: 
Fix any integer    such that:     ⪆                     , there exists a constant      
such that  

q
<latexit sha1_base64="t+i7NJgRK3hdJnLOyh9XqWrFkFE=">AAAB6HicdVDJSgNBEK2JW4xbVDx5aQyCp2HGgyZ4GfDiMQGzQBJCT6cmadOz2N0jhCE/oBcPinj1k7z5N3YSBdcHBY/3qqhX5SeCK+04b1ZuYXFpeSW/Wlhb39jcKm7vNFScSoZ1FotYtnyqUPAI65prga1EIg19gU1/dD71mzcoFY+jSz1OsBvSQcQDzqg2Uu26Vyw5dqVcOXGOyW/i2s4MJW/vtuwBQLVXfO30Y5aGGGkmqFJt10l0N6NScyZwUuikChPKRnSAbUMjGqLqZrOgE3JolD4JYmkq0mSmfp3IaKjUOPRNZ0j1UP30puJfXjvVQbmb8ShJNUZsvihIBdExmV5N+lwi02JsCGWSm6yEDamkTJvfFMwTPi8l/5PGse06tltzS94ZzJGHfTiAI3DhFDy4gCrUgQHCHTzAo3Vl3VtP1vO8NWd9zOzCN1gv7zwujqg=</latexit><latexit sha1_base64="UuJp0fSKvSwBjBbO+15VtiyQ1eU=">AAAB6HicdVDLSgNBEOyNrxhfUfHkZTAInpbdHDTBS8CLxwRMIiQhzE56kzGzD2dmA2HJD+jFgyJe/SO9+TdOEgWfBQ1FVTdd3V4suNKO82ZlFhaXlleyq7m19Y3Nrfz2TkNFiWRYZ5GI5KVHFQoeYl1zLfAylkgDT2DTG55N/eYIpeJReKHHMXYC2g+5zxnVRqpdd/MFxy6XysdOkfwmru3MUKjs3ZSKI/1S7eZf272IJQGGmgmqVMt1Yt1JqdScCZzk2onCmLIh7WPL0JAGqDrpLOiEHBqlR/xImgo1malfJ1IaKDUOPNMZUD1QP72p+JfXSrRf6qQ8jBONIZsv8hNBdESmV5Mel8i0GBtCmeQmK2EDKinT5jc584TPS8n/pFG0Xcd2a26hcgpzZGEfDuAIXDiBCpxDFerAAOEW7uHBurLurEfrad6asT5mduEbrOd3ePOQVQ==</latexit><latexit sha1_base64="UuJp0fSKvSwBjBbO+15VtiyQ1eU=">AAAB6HicdVDLSgNBEOyNrxhfUfHkZTAInpbdHDTBS8CLxwRMIiQhzE56kzGzD2dmA2HJD+jFgyJe/SO9+TdOEgWfBQ1FVTdd3V4suNKO82ZlFhaXlleyq7m19Y3Nrfz2TkNFiWRYZ5GI5KVHFQoeYl1zLfAylkgDT2DTG55N/eYIpeJReKHHMXYC2g+5zxnVRqpdd/MFxy6XysdOkfwmru3MUKjs3ZSKI/1S7eZf272IJQGGmgmqVMt1Yt1JqdScCZzk2onCmLIh7WPL0JAGqDrpLOiEHBqlR/xImgo1malfJ1IaKDUOPNMZUD1QP72p+JfXSrRf6qQ8jBONIZsv8hNBdESmV5Mel8i0GBtCmeQmK2EDKinT5jc584TPS8n/pFG0Xcd2a26hcgpzZGEfDuAIXDiBCpxDFerAAOEW7uHBurLurEfrad6asT5mduEbrOd3ePOQVQ==</latexit><latexit sha1_base64="YC90wmFLVzAAmNTL9Rjxq8r5zrY=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmZy0AQvAS8eEzALJEPo6dQkbXoWu3uEMOQLvHhQxKuf5M2/sbMIrg8KHu9VUVXPTwRX2nHerdzK6tr6Rn6zsLW9s7tX3D9oqTiVDJssFrHs+FSh4BE2NdcCO4lEGvoC2/74cua371AqHkfXepKgF9JhxAPOqDZS47ZfLDl2tVI9c8rkN3FtZ44SLFHvF996g5ilIUaaCapU13US7WVUas4ETgu9VGFC2ZgOsWtoRENUXjY/dEpOjDIgQSxNRZrM1a8TGQ2VmoS+6QypHqmf3kz8y+umOqh4GY+SVGPEFouCVBAdk9nXZMAlMi0mhlAmubmVsBGVlGmTTcGE8Pkp+Z+0yrbr2G7DLdUulnHk4QiO4RRcOIcaXEEdmsAA4R4e4cm6sR6sZ+tl0ZqzljOH8A3W6wdsnY1R</latexit>

⌧�
<latexit sha1_base64="ekThSKZeKXCQqFDl0ZexVNnSaPw=">AAAB8nicdVDJSgNBEO1xjXGLevTSGARPw0wQTfAS0IPHCGaBmSH0dHqSJj3dQ3eNEEI+w4sHRbz6Nd78GzuL4Pqg4PFeFVX14kxwA5737iwtr6yurRc2iptb2zu7pb39llG5pqxJlVC6ExPDBJesCRwE62SakTQWrB0PL6d++45pw5W8hVHGopT0JU84JWClIASSd8MrJoB0S2XPrVVrZ14F/ya+681QRgs0uqW3sKdonjIJVBBjAt/LIBoTDZwKNimGuWEZoUPSZ4GlkqTMROPZyRN8bJUeTpS2JQHP1K8TY5IaM0pj25kSGJif3lT8ywtySKrRmMssBybpfFGSCwwKT//HPa4ZBTGyhFDN7a2YDogmFGxKRRvC56f4f9KquL7n+jen5frFIo4COkRH6AT56BzV0TVqoCaiSKF79IieHHAenGfnZd665CxmDtA3OK8fyxiRkg==</latexit><latexit sha1_base64="ekThSKZeKXCQqFDl0ZexVNnSaPw=">AAAB8nicdVDJSgNBEO1xjXGLevTSGARPw0wQTfAS0IPHCGaBmSH0dHqSJj3dQ3eNEEI+w4sHRbz6Nd78GzuL4Pqg4PFeFVX14kxwA5737iwtr6yurRc2iptb2zu7pb39llG5pqxJlVC6ExPDBJesCRwE62SakTQWrB0PL6d++45pw5W8hVHGopT0JU84JWClIASSd8MrJoB0S2XPrVVrZ14F/ya+681QRgs0uqW3sKdonjIJVBBjAt/LIBoTDZwKNimGuWEZoUPSZ4GlkqTMROPZyRN8bJUeTpS2JQHP1K8TY5IaM0pj25kSGJif3lT8ywtySKrRmMssBybpfFGSCwwKT//HPa4ZBTGyhFDN7a2YDogmFGxKRRvC56f4f9KquL7n+jen5frFIo4COkRH6AT56BzV0TVqoCaiSKF79IieHHAenGfnZd665CxmDtA3OK8fyxiRkg==</latexit><latexit sha1_base64="ekThSKZeKXCQqFDl0ZexVNnSaPw=">AAAB8nicdVDJSgNBEO1xjXGLevTSGARPw0wQTfAS0IPHCGaBmSH0dHqSJj3dQ3eNEEI+w4sHRbz6Nd78GzuL4Pqg4PFeFVX14kxwA5737iwtr6yurRc2iptb2zu7pb39llG5pqxJlVC6ExPDBJesCRwE62SakTQWrB0PL6d++45pw5W8hVHGopT0JU84JWClIASSd8MrJoB0S2XPrVVrZ14F/ya+681QRgs0uqW3sKdonjIJVBBjAt/LIBoTDZwKNimGuWEZoUPSZ4GlkqTMROPZyRN8bJUeTpS2JQHP1K8TY5IaM0pj25kSGJif3lT8ywtySKrRmMssBybpfFGSCwwKT//HPa4ZBTGyhFDN7a2YDogmFGxKRRvC56f4f9KquL7n+jen5frFIo4COkRH6AT56BzV0TVqoCaiSKF79IieHHAenGfnZd665CxmDtA3OK8fyxiRkg==</latexit><latexit sha1_base64="ekThSKZeKXCQqFDl0ZexVNnSaPw=">AAAB8nicdVDJSgNBEO1xjXGLevTSGARPw0wQTfAS0IPHCGaBmSH0dHqSJj3dQ3eNEEI+w4sHRbz6Nd78GzuL4Pqg4PFeFVX14kxwA5737iwtr6yurRc2iptb2zu7pb39llG5pqxJlVC6ExPDBJesCRwE62SakTQWrB0PL6d++45pw5W8hVHGopT0JU84JWClIASSd8MrJoB0S2XPrVVrZ14F/ya+681QRgs0uqW3sKdonjIJVBBjAt/LIBoTDZwKNimGuWEZoUPSZ4GlkqTMROPZyRN8bJUeTpS2JQHP1K8TY5IaM0pj25kSGJif3lT8ywtySKrRmMssBybpfFGSCwwKT//HPa4ZBTGyhFDN7a2YDogmFGxKRRvC56f4f9KquL7n+jen5frFIo4COkRH6AT56BzV0TVqoCaiSKF79IieHHAenGfnZd665CxmDtA3OK8fyxiRkg==</latexit>

ZG(w) 6= 0 if G is triangle-free and w 2 B ([0, 1], ⌧�)
<latexit sha1_base64="m2NG0+nD4A596pBIXu2xMb7mHPI="></latexit><latexit sha1_base64="m2NG0+nD4A596pBIXu2xMb7mHPI="></latexit><latexit sha1_base64="m2NG0+nD4A596pBIXu2xMb7mHPI="></latexit><latexit sha1_base64="m2NG0+nD4A596pBIXu2xMb7mHPI="></latexit>

q 1.7633�+ �
<latexit sha1_base64="vb8tmJ9oOdqOfnFdywryKSlopzA=">AAACCXicdVDLSgNBEOz1bXxFxZOXwSAIwrKroBEvAT14VDBGyIYwO+mYIbMPZ3qFELx60F/x4kERr/6BN//GSWLAZzUNRVU3M11hqqQhz3t3RkbHxicmp6ZzM7Nz8wv5xaUzk2RaYFkkKtHnITeoZIxlkqTwPNXIo1BhJWwf9PzKFWojk/iUOinWIn4Ry6YUnKxUz7NLxoL9YTHf3d3Z3g4OURHfDEIkXs8XPHevuLfjbbHfxHe9PgqlldtiCQCO6/m3oJGILMKYhOLGVH0vpVqXa5JC4XUuyAymXLT5BVYtjXmEptbtX3LN1q3SYM1E246J9dWvG10eGdOJQjsZcWqZn15P/MurZtQs1royTjPCWAweamaKUcJ6sbCG1ChIdSzhQkv7VyZaXHNBNrycDWF4KfufnG25vuf6J36htA8DTMEqrMEG+LALJTiCYyiDgBu4h0d4cu6cB+fZeRmMjjifO8vwDc7rB0DkmP0=</latexit><latexit sha1_base64="fuvl8kIngbS7e35DOSLhqCTeNp0=">AAACCXicdVDLSgNBEJz1GeNrVTx5GQyCICy7CcSEXAJ68BjBRCEbwuyko4OzD2d6hRBy9aC/4sWDIl79Ar35N04SBZ/VNBRV3cx0BYkUGl33zZqYnJqemc3MZecXFpeW7ZXVho5TxaHOYxmrk4BpkCKCOgqUcJIoYGEg4Tg43xv6x5egtIijI+wl0ArZaSS6gjM0UtumF5T6lc+inrNbLBT8fZDIdvwAkLXtnOuUS+Wim6e/iee4I+Sq69el/CW+1Nr2q9+JeRpChFwyrZuem2CrzxQKLmGQ9VMNCePn7BSahkYsBN3qjy4Z0C2jdGg3VqYjpCP160afhVr3wsBMhgzP9E9vKP7lNVPsllp9ESUpQsTHD3VTSTGmw1hoRyjgKHuGMK6E+SvlZ0wxjia8rAnh81L6P2nkHc91vEMvV62QMTJkg2ySbeKRXVIlB6RG6oSTK3JL7smDdWPdWY/W03h0wvrYWSPfYD2/A32pmqo=</latexit><latexit sha1_base64="fuvl8kIngbS7e35DOSLhqCTeNp0=">AAACCXicdVDLSgNBEJz1GeNrVTx5GQyCICy7CcSEXAJ68BjBRCEbwuyko4OzD2d6hRBy9aC/4sWDIl79Ar35N04SBZ/VNBRV3cx0BYkUGl33zZqYnJqemc3MZecXFpeW7ZXVho5TxaHOYxmrk4BpkCKCOgqUcJIoYGEg4Tg43xv6x5egtIijI+wl0ArZaSS6gjM0UtumF5T6lc+inrNbLBT8fZDIdvwAkLXtnOuUS+Wim6e/iee4I+Sq69el/CW+1Nr2q9+JeRpChFwyrZuem2CrzxQKLmGQ9VMNCePn7BSahkYsBN3qjy4Z0C2jdGg3VqYjpCP160afhVr3wsBMhgzP9E9vKP7lNVPsllp9ESUpQsTHD3VTSTGmw1hoRyjgKHuGMK6E+SvlZ0wxjia8rAnh81L6P2nkHc91vEMvV62QMTJkg2ySbeKRXVIlB6RG6oSTK3JL7smDdWPdWY/W03h0wvrYWSPfYD2/A32pmqo=</latexit><latexit sha1_base64="krXEmRRE19jfz2WP+QxRMfnSaAg=">AAACCXicdVDLSgNBEJyN7/iKevQyGARBWHYTiIZcAnrwqGA0kF3C7KQ3GTL7cKZXCCFXL/6KFw+KePUPvPk3TmIEn9U0FFXdzHQFqRQaHefNys3Mzs0vLC7ll1dW19YLG5sXOskUhwZPZKKaAdMgRQwNFCihmSpgUSDhMugfjf3La1BaJPE5DlLwI9aNRSg4QyO1C/SKUq/2WdS1DyrlsncMEtm+FwCydqHo2NXDasUp0d/EtZ0JimSK03bh1eskPIsgRi6Z1i3XSdEfMoWCSxjlvUxDynifdaFlaMwi0P5wcsmI7hqlQ8NEmY6RTtSvG0MWaT2IAjMZMezpn95Y/MtrZRge+kMRpxlCzD8eCjNJMaHjWGhHKOAoB4YwroT5K+U9phhHE17ehPB5Kf2fXJRs17HdM7dYr03jWCTbZIfsEZcckDo5IaekQTi5IXfkgTxat9a99WQ9f4zmrOnOFvkG6+UdcVOXpg==</latexit>

FPTAS for bounded degree graphs =)
<latexit sha1_base64="ao5VcsFFoyoebScqvShNzaYPsYA=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPw0wQTfAS8OIxglkgGUJPpyZp0j0zdvcIIeQnvHhQxKu/482/sbMIrg8KHu9VUVUvTAXXxvPenaXlldW19dxGfnNre2e3sLff0EmmGNZZIhLVCqlGwWOsG24EtlKFVIYCm+Hwcuo371BpnsQ3ZpRiIGk/5hFn1Fip1eHSbkHdLRQ9t1KunHkl8pv4rjdDERaodQtvnV7CMomxYYJq3fa91ARjqgxnAif5TqYxpWxI+9i2NKYSdTCe3Tshx1bpkShRtmJDZurXiTGVWo9kaDslNQP905uKf3ntzETlYMzjNDMYs/miKBPEJGT6POlxhcyIkSWUKW5vJWxAFWXGRpS3IXx+Sv4njZLre65/fVqsXiziyMEhHMEJ+HAOVbiCGtSBgYB7eIQn59Z5cJ6dl3nrkrOYOYBvcF4/ANQMkHg=</latexit><latexit sha1_base64="ao5VcsFFoyoebScqvShNzaYPsYA=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPw0wQTfAS8OIxglkgGUJPpyZp0j0zdvcIIeQnvHhQxKu/482/sbMIrg8KHu9VUVUvTAXXxvPenaXlldW19dxGfnNre2e3sLff0EmmGNZZIhLVCqlGwWOsG24EtlKFVIYCm+Hwcuo371BpnsQ3ZpRiIGk/5hFn1Fip1eHSbkHdLRQ9t1KunHkl8pv4rjdDERaodQtvnV7CMomxYYJq3fa91ARjqgxnAif5TqYxpWxI+9i2NKYSdTCe3Tshx1bpkShRtmJDZurXiTGVWo9kaDslNQP905uKf3ntzETlYMzjNDMYs/miKBPEJGT6POlxhcyIkSWUKW5vJWxAFWXGRpS3IXx+Sv4njZLre65/fVqsXiziyMEhHMEJ+HAOVbiCGtSBgYB7eIQn59Z5cJ6dl3nrkrOYOYBvcF4/ANQMkHg=</latexit><latexit sha1_base64="ao5VcsFFoyoebScqvShNzaYPsYA=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPw0wQTfAS8OIxglkgGUJPpyZp0j0zdvcIIeQnvHhQxKu/482/sbMIrg8KHu9VUVUvTAXXxvPenaXlldW19dxGfnNre2e3sLff0EmmGNZZIhLVCqlGwWOsG24EtlKFVIYCm+Hwcuo371BpnsQ3ZpRiIGk/5hFn1Fip1eHSbkHdLRQ9t1KunHkl8pv4rjdDERaodQtvnV7CMomxYYJq3fa91ARjqgxnAif5TqYxpWxI+9i2NKYSdTCe3Tshx1bpkShRtmJDZurXiTGVWo9kaDslNQP905uKf3ntzETlYMzjNDMYs/miKBPEJGT6POlxhcyIkSWUKW5vJWxAFWXGRpS3IXx+Sv4njZLre65/fVqsXiziyMEhHMEJ+HAOVbiCGtSBgYB7eIQn59Z5cJ6dl3nrkrOYOYBvcF4/ANQMkHg=</latexit><latexit sha1_base64="ao5VcsFFoyoebScqvShNzaYPsYA=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPw0wQTfAS8OIxglkgGUJPpyZp0j0zdvcIIeQnvHhQxKu/482/sbMIrg8KHu9VUVUvTAXXxvPenaXlldW19dxGfnNre2e3sLff0EmmGNZZIhLVCqlGwWOsG24EtlKFVIYCm+Hwcuo371BpnsQ3ZpRiIGk/5hFn1Fip1eHSbkHdLRQ9t1KunHkl8pv4rjdDERaodQtvnV7CMomxYYJq3fa91ARjqgxnAif5TqYxpWxI+9i2NKYSdTCe3Tshx1bpkShRtmJDZurXiTGVWo9kaDslNQP905uKf3ntzETlYMzjNDMYs/miKBPEJGT6POlxhcyIkSWUKW5vJWxAFWXGRpS3IXx+Sv4njZLre65/fVqsXiziyMEhHMEJ+HAOVbiCGtSBgYB7eIQn59Z5cJ6dl3nrkrOYOYBvcF4/ANQMkHg=</latexit>

0 w = 1
<latexit sha1_base64="3PIa+I4riaVCjZt4wLJ5wqNC0Uo=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyyCizJM6tBWRCi4cVnBXmA6lEyatqGZC0lGKUNfwo2v4saFIm4Fd76NmbYLbT0Q+Pj/c5KT3485k8q2v42V1bX1jc3cVn57Z3dv3zw4bMooEYQ2SMQj0faxpJyFtKGY4rQdC4oDn9OWP7rO/NY9FZJF4Z0ax9QL8CBkfUaw0lLXLKad6SWuGPhealsX1XLJKRdty7YrqIQyKFWcc2fyMLlCXbOQGVnBZUBzKIB51bvmV6cXkSSgoSIcS+kiO1ZeioVihNNJvpNIGmMywgPqagxxQKWXTheawFOt9GA/EvqECk7V3xMpDqQcB77uDLAaykUvE//z3ET1q17KwjhRNCSzh/oJhyqCWUSwxwQlio81YCKY3hWSIRaYKB1kXoeAFr+8DM2ShWwL3TqF2uU8jhw4BifgDCBQATVwA+qgAQh4BM/gFbwZT8aL8W58zFpXjPnMEfhTxucPvWyasw==</latexit><latexit sha1_base64="3PIa+I4riaVCjZt4wLJ5wqNC0Uo=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyyCizJM6tBWRCi4cVnBXmA6lEyatqGZC0lGKUNfwo2v4saFIm4Fd76NmbYLbT0Q+Pj/c5KT3485k8q2v42V1bX1jc3cVn57Z3dv3zw4bMooEYQ2SMQj0faxpJyFtKGY4rQdC4oDn9OWP7rO/NY9FZJF4Z0ax9QL8CBkfUaw0lLXLKad6SWuGPhealsX1XLJKRdty7YrqIQyKFWcc2fyMLlCXbOQGVnBZUBzKIB51bvmV6cXkSSgoSIcS+kiO1ZeioVihNNJvpNIGmMywgPqagxxQKWXTheawFOt9GA/EvqECk7V3xMpDqQcB77uDLAaykUvE//z3ET1q17KwjhRNCSzh/oJhyqCWUSwxwQlio81YCKY3hWSIRaYKB1kXoeAFr+8DM2ShWwL3TqF2uU8jhw4BifgDCBQATVwA+qgAQh4BM/gFbwZT8aL8W58zFpXjPnMEfhTxucPvWyasw==</latexit><latexit sha1_base64="3PIa+I4riaVCjZt4wLJ5wqNC0Uo=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyyCizJM6tBWRCi4cVnBXmA6lEyatqGZC0lGKUNfwo2v4saFIm4Fd76NmbYLbT0Q+Pj/c5KT3485k8q2v42V1bX1jc3cVn57Z3dv3zw4bMooEYQ2SMQj0faxpJyFtKGY4rQdC4oDn9OWP7rO/NY9FZJF4Z0ax9QL8CBkfUaw0lLXLKad6SWuGPhealsX1XLJKRdty7YrqIQyKFWcc2fyMLlCXbOQGVnBZUBzKIB51bvmV6cXkSSgoSIcS+kiO1ZeioVihNNJvpNIGmMywgPqagxxQKWXTheawFOt9GA/EvqECk7V3xMpDqQcB77uDLAaykUvE//z3ET1q17KwjhRNCSzh/oJhyqCWUSwxwQlio81YCKY3hWSIRaYKB1kXoeAFr+8DM2ShWwL3TqF2uU8jhw4BifgDCBQATVwA+qgAQh4BM/gFbwZT8aL8W58zFpXjPnMEfhTxucPvWyasw==</latexit><latexit sha1_base64="3PIa+I4riaVCjZt4wLJ5wqNC0Uo=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyyCizJM6tBWRCi4cVnBXmA6lEyatqGZC0lGKUNfwo2v4saFIm4Fd76NmbYLbT0Q+Pj/c5KT3485k8q2v42V1bX1jc3cVn57Z3dv3zw4bMooEYQ2SMQj0faxpJyFtKGY4rQdC4oDn9OWP7rO/NY9FZJF4Z0ax9QL8CBkfUaw0lLXLKad6SWuGPhealsX1XLJKRdty7YrqIQyKFWcc2fyMLlCXbOQGVnBZUBzKIB51bvmV6cXkSSgoSIcS+kiO1ZeioVihNNJvpNIGmMywgPqagxxQKWXTheawFOt9GA/EvqECk7V3xMpDqQcB77uDLAaykUvE//z3ET1q17KwjhRNCSzh/oJhyqCWUSwxwQlio81YCKY3hWSIRaYKB1kXoeAFr+8DM2ShWwL3TqF2uU8jhw4BifgDCBQATVwA+qgAQh4BM/gFbwZT8aL8W58zFpXjPnMEfhTxucPvWyasw==</latexit>



Phase transitions from analysis 
of algorithms



w 2 [0, 1]
<latexit sha1_base64="IOfcN9XubcYIsOBGhDIaq4yc8bI=">AAACG3icbZDLSgMxFIYz9VbrrerSzWARXJSSjKWtuCm4cVnBXmA6lEyatqGZzJBklDL0Pdz4Km5cKOJKcOHbmGm70NYDgY//Pyc5+f2IM6Uh/LYya+sbm1vZ7dzO7t7+Qf7wqKXCWBLaJCEPZcfHinImaFMzzWknkhQHPqdtf3yd+u17KhULxZ2eRNQL8FCwASNYG6mXd5Lu7BJXDn0vgaXLWsUpV4qwBGEVOSgFp1q+KE8fpl0mXFhEXi9fSO207FVACyiARTV6+c9uPyRxQIUmHCvlIhhpL8FSM8LpNNeNFY0wGeMhdQ0KHFDlJbO1pvaZUfr2IJTmCG3P1N8TCQ6UmgS+6QywHqllLxX/89xYD2pewkQUayrI/KFBzG0d2mlQdp9JSjSfGMBEMrOrTUZYYqJNnDkTAlr+8iq0nBKCJXRbLtSvFnFkwQk4BecAgSqogxvQAE1AwCN4Bq/gzXqyXqx362PemrEWM8fgT1lfPwXxnPk=</latexit><latexit sha1_base64="IOfcN9XubcYIsOBGhDIaq4yc8bI=">AAACG3icbZDLSgMxFIYz9VbrrerSzWARXJSSjKWtuCm4cVnBXmA6lEyatqGZzJBklDL0Pdz4Km5cKOJKcOHbmGm70NYDgY//Pyc5+f2IM6Uh/LYya+sbm1vZ7dzO7t7+Qf7wqKXCWBLaJCEPZcfHinImaFMzzWknkhQHPqdtf3yd+u17KhULxZ2eRNQL8FCwASNYG6mXd5Lu7BJXDn0vgaXLWsUpV4qwBGEVOSgFp1q+KE8fpl0mXFhEXi9fSO207FVACyiARTV6+c9uPyRxQIUmHCvlIhhpL8FSM8LpNNeNFY0wGeMhdQ0KHFDlJbO1pvaZUfr2IJTmCG3P1N8TCQ6UmgS+6QywHqllLxX/89xYD2pewkQUayrI/KFBzG0d2mlQdp9JSjSfGMBEMrOrTUZYYqJNnDkTAlr+8iq0nBKCJXRbLtSvFnFkwQk4BecAgSqogxvQAE1AwCN4Bq/gzXqyXqx362PemrEWM8fgT1lfPwXxnPk=</latexit><latexit sha1_base64="IOfcN9XubcYIsOBGhDIaq4yc8bI=">AAACG3icbZDLSgMxFIYz9VbrrerSzWARXJSSjKWtuCm4cVnBXmA6lEyatqGZzJBklDL0Pdz4Km5cKOJKcOHbmGm70NYDgY//Pyc5+f2IM6Uh/LYya+sbm1vZ7dzO7t7+Qf7wqKXCWBLaJCEPZcfHinImaFMzzWknkhQHPqdtf3yd+u17KhULxZ2eRNQL8FCwASNYG6mXd5Lu7BJXDn0vgaXLWsUpV4qwBGEVOSgFp1q+KE8fpl0mXFhEXi9fSO207FVACyiARTV6+c9uPyRxQIUmHCvlIhhpL8FSM8LpNNeNFY0wGeMhdQ0KHFDlJbO1pvaZUfr2IJTmCG3P1N8TCQ6UmgS+6QywHqllLxX/89xYD2pewkQUayrI/KFBzG0d2mlQdp9JSjSfGMBEMrOrTUZYYqJNnDkTAlr+8iq0nBKCJXRbLtSvFnFkwQk4BecAgSqogxvQAE1AwCN4Bq/gzXqyXqx362PemrEWM8fgT1lfPwXxnPk=</latexit><latexit sha1_base64="IOfcN9XubcYIsOBGhDIaq4yc8bI=">AAACG3icbZDLSgMxFIYz9VbrrerSzWARXJSSjKWtuCm4cVnBXmA6lEyatqGZzJBklDL0Pdz4Km5cKOJKcOHbmGm70NYDgY//Pyc5+f2IM6Uh/LYya+sbm1vZ7dzO7t7+Qf7wqKXCWBLaJCEPZcfHinImaFMzzWknkhQHPqdtf3yd+u17KhULxZ2eRNQL8FCwASNYG6mXd5Lu7BJXDn0vgaXLWsUpV4qwBGEVOSgFp1q+KE8fpl0mXFhEXi9fSO207FVACyiARTV6+c9uPyRxQIUmHCvlIhhpL8FSM8LpNNeNFY0wGeMhdQ0KHFDlJbO1pvaZUfr2IJTmCG3P1N8TCQ6UmgS+6QywHqllLxX/89xYD2pewkQUayrI/KFBzG0d2mlQdp9JSjSfGMBEMrOrTUZYYqJNnDkTAlr+8iq0nBKCJXRbLtSvFnFkwQk4BecAgSqogxvQAE1AwCN4Bq/gzXqyXqx362PemrEWM8fgT1lfPwXxnPk=</latexit>

ZG(w)
<latexit sha1_base64="X0NKKyVr/Wu07ZkoSEmOYiWU4rk="></latexit><latexit sha1_base64="ZJbPUIQuT3ysj1Gzz6sLWvLxaBs="></latexit><latexit sha1_base64="ZJbPUIQuT3ysj1Gzz6sLWvLxaBs="></latexit><latexit sha1_base64="uFCYKgjNZBbV1kzMKz3VAE/kE9k=">AAACGHicbZDLSgMxFIYz9VbrbdSlm8EiVJA6GUtbcVNwocsK9oLtUDJp2oZmLiQZpQzzGG58FTcuFHHbnW9jpp2Fth4IfPz/OcnJ7wSMCmma31pmZXVtfSO7mdva3tnd0/cPmsIPOSYN7DOftx0kCKMeaUgqGWkHnCDXYaTljK8Tv/VIuKC+dy8nAbFdNPTogGIkldTTzx96N4WoO7uow4eOHZnFy2rZKpXPzKJpVqAFE7AqpYtS/BSf9vR8oidlLANMIQ/Sqvf0abfv49AlnsQMCdGBZiDtCHFJMSNxrhsKEiA8RkPSUeghlwg7mu0TGydK6RsDn6vjSWOm/p6IkCvExHVUp4vkSCx6ifif1wnloGpH1AtCSTw8f2gQMkP6RpKS0aecYMkmChDmVO1q4BHiCEuVZU6FABe/vAxNqwjNIryD+dpVGkcWHIFjUAAQVEAN3II6aAAMnsEreAcf2ov2pn1qX/PWjJbOHII/pU1/AKxcm7E=</latexit>

ZG( ew)
<latexit sha1_base64="ke3FvrmDo4ftSNf3Nr6/1cJHqXE="></latexit><latexit sha1_base64="1kKjCGb2oUQaCD1NNrf6UMhTjVY="></latexit><latexit sha1_base64="1kKjCGb2oUQaCD1NNrf6UMhTjVY="></latexit><latexit sha1_base64="jCaRHqRJAvPjsIefOWtGQmDi3RA="></latexit>

ew ⇡ w, ew 2 C
<latexit sha1_base64="iLZUgWr7rslAS2h8dD0EDAVvBnA="></latexit><latexit sha1_base64="iLZUgWr7rslAS2h8dD0EDAVvBnA="></latexit><latexit sha1_base64="iLZUgWr7rslAS2h8dD0EDAVvBnA="></latexit><latexit sha1_base64="iLZUgWr7rslAS2h8dD0EDAVvBnA="></latexit>

Algorithm

Algorithm

If G has a valid q-coloring, then      

It suffices to prove that ZG(w) :=
X

�:V![q]

w|E=(�)|

<latexit sha1_base64="z19PRv9NfUXPVjaosH0WJ02M61I="></latexit><latexit sha1_base64="z19PRv9NfUXPVjaosH0WJ02M61I="></latexit><latexit sha1_base64="z19PRv9NfUXPVjaosH0WJ02M61I="></latexit><latexit sha1_base64="z19PRv9NfUXPVjaosH0WJ02M61I="></latexit>

ZG(w) � 1
<latexit sha1_base64="JVknuGFTF2lkEn7o1PCiIjw480k="></latexit><latexit sha1_base64="JVknuGFTF2lkEn7o1PCiIjw480k="></latexit><latexit sha1_base64="JVknuGFTF2lkEn7o1PCiIjw480k="></latexit><latexit sha1_base64="JVknuGFTF2lkEn7o1PCiIjw480k="></latexit>

Zero-freeness using algorithmic ideas

����
ZG( ew)
ZG(w)

���� > 0
<latexit sha1_base64="2JSISLBNewJV3F+fcAkMNkXPnGg="></latexit><latexit sha1_base64="2JSISLBNewJV3F+fcAkMNkXPnGg="></latexit><latexit sha1_base64="2JSISLBNewJV3F+fcAkMNkXPnGg="></latexit><latexit sha1_base64="2JSISLBNewJV3F+fcAkMNkXPnGg="></latexit>



Ratios and Pinnings

Z(i)
G,v(!)

<latexit sha1_base64="hhLUHkpbaj27hc1471L3LMAasc4="></latexit><latexit sha1_base64="hhLUHkpbaj27hc1471L3LMAasc4="></latexit><latexit sha1_base64="hhLUHkpbaj27hc1471L3LMAasc4="></latexit><latexit sha1_base64="hhLUHkpbaj27hc1471L3LMAasc4="></latexit>

 : colorings in which vertex v receives color i

Consider                                    inductively R(i,j)
G,v (!) :=

Z(i)
G,v(!)

Z(j)
G,v(!)

<latexit sha1_base64="7T+3g5HxgJPHy1WG/NKuXJMsKdw="></latexit><latexit sha1_base64="7T+3g5HxgJPHy1WG/NKuXJMsKdw="></latexit><latexit sha1_base64="7T+3g5HxgJPHy1WG/NKuXJMsKdw="></latexit><latexit sha1_base64="7T+3g5HxgJPHy1WG/NKuXJMsKdw="></latexit>

R(i,j)
G,v ( ew) ⇡ R(i,j)

G,v (w)
<latexit sha1_base64="1egi/FBnoR6oL9Bqhz2dLNw1rX0="></latexit><latexit sha1_base64="1egi/FBnoR6oL9Bqhz2dLNw1rX0="></latexit><latexit sha1_base64="1egi/FBnoR6oL9Bqhz2dLNw1rX0="></latexit><latexit sha1_base64="1egi/FBnoR6oL9Bqhz2dLNw1rX0="></latexit>

We show that

Induction

ZG(e!) =
X

i2L(v)

Z(i)
G,v(e!)

=Z(j)
G,v(e!) ·

X

i2L(v)

Z(i)
G,v(e!)

Z(j)
G,v(e!)

<latexit sha1_base64="0kHwhlrk9d/pJhlVJE7Xm+U2h4E="></latexit><latexit sha1_base64="0kHwhlrk9d/pJhlVJE7Xm+U2h4E="></latexit><latexit sha1_base64="0kHwhlrk9d/pJhlVJE7Xm+U2h4E="></latexit><latexit sha1_base64="0kHwhlrk9d/pJhlVJE7Xm+U2h4E="></latexit>

ZG(!) =
X

i2L(v)

Z(i)
G,v(!)

=Z(j)
G,v(!) ·

X

i2L(v)

Z(i)
G,v(!)

Z(j)
G,v(!)

<latexit sha1_base64="Ya7yr4WrsCWB+GnZOZAX8nylMd8="></latexit><latexit sha1_base64="Ya7yr4WrsCWB+GnZOZAX8nylMd8="></latexit><latexit sha1_base64="Ya7yr4WrsCWB+GnZOZAX8nylMd8="></latexit><latexit sha1_base64="Ya7yr4WrsCWB+GnZOZAX8nylMd8="></latexit>

Fix a vertex v ….….



Tree recurrence

 At every vertex of the tree, the two computations remain close 

w 2 [0, 1]
<latexit sha1_base64="IOfcN9XubcYIsOBGhDIaq4yc8bI=">AAACG3icbZDLSgMxFIYz9VbrrerSzWARXJSSjKWtuCm4cVnBXmA6lEyatqGZzJBklDL0Pdz4Km5cKOJKcOHbmGm70NYDgY//Pyc5+f2IM6Uh/LYya+sbm1vZ7dzO7t7+Qf7wqKXCWBLaJCEPZcfHinImaFMzzWknkhQHPqdtf3yd+u17KhULxZ2eRNQL8FCwASNYG6mXd5Lu7BJXDn0vgaXLWsUpV4qwBGEVOSgFp1q+KE8fpl0mXFhEXi9fSO207FVACyiARTV6+c9uPyRxQIUmHCvlIhhpL8FSM8LpNNeNFY0wGeMhdQ0KHFDlJbO1pvaZUfr2IJTmCG3P1N8TCQ6UmgS+6QywHqllLxX/89xYD2pewkQUayrI/KFBzG0d2mlQdp9JSjSfGMBEMrOrTUZYYqJNnDkTAlr+8iq0nBKCJXRbLtSvFnFkwQk4BecAgSqogxvQAE1AwCN4Bq/gzXqyXqx362PemrEWM8fgT1lfPwXxnPk=</latexit><latexit sha1_base64="IOfcN9XubcYIsOBGhDIaq4yc8bI=">AAACG3icbZDLSgMxFIYz9VbrrerSzWARXJSSjKWtuCm4cVnBXmA6lEyatqGZzJBklDL0Pdz4Km5cKOJKcOHbmGm70NYDgY//Pyc5+f2IM6Uh/LYya+sbm1vZ7dzO7t7+Qf7wqKXCWBLaJCEPZcfHinImaFMzzWknkhQHPqdtf3yd+u17KhULxZ2eRNQL8FCwASNYG6mXd5Lu7BJXDn0vgaXLWsUpV4qwBGEVOSgFp1q+KE8fpl0mXFhEXi9fSO207FVACyiARTV6+c9uPyRxQIUmHCvlIhhpL8FSM8LpNNeNFY0wGeMhdQ0KHFDlJbO1pvaZUfr2IJTmCG3P1N8TCQ6UmgS+6QywHqllLxX/89xYD2pewkQUayrI/KFBzG0d2mlQdp9JSjSfGMBEMrOrTUZYYqJNnDkTAlr+8iq0nBKCJXRbLtSvFnFkwQk4BecAgSqogxvQAE1AwCN4Bq/gzXqyXqx362PemrEWM8fgT1lfPwXxnPk=</latexit><latexit sha1_base64="IOfcN9XubcYIsOBGhDIaq4yc8bI=">AAACG3icbZDLSgMxFIYz9VbrrerSzWARXJSSjKWtuCm4cVnBXmA6lEyatqGZzJBklDL0Pdz4Km5cKOJKcOHbmGm70NYDgY//Pyc5+f2IM6Uh/LYya+sbm1vZ7dzO7t7+Qf7wqKXCWBLaJCEPZcfHinImaFMzzWknkhQHPqdtf3yd+u17KhULxZ2eRNQL8FCwASNYG6mXd5Lu7BJXDn0vgaXLWsUpV4qwBGEVOSgFp1q+KE8fpl0mXFhEXi9fSO207FVACyiARTV6+c9uPyRxQIUmHCvlIhhpL8FSM8LpNNeNFY0wGeMhdQ0KHFDlJbO1pvaZUfr2IJTmCG3P1N8TCQ6UmgS+6QywHqllLxX/89xYD2pewkQUayrI/KFBzG0d2mlQdp9JSjSfGMBEMrOrTUZYYqJNnDkTAlr+8iq0nBKCJXRbLtSvFnFkwQk4BecAgSqogxvQAE1AwCN4Bq/gzXqyXqx362PemrEWM8fgT1lfPwXxnPk=</latexit><latexit sha1_base64="IOfcN9XubcYIsOBGhDIaq4yc8bI=">AAACG3icbZDLSgMxFIYz9VbrrerSzWARXJSSjKWtuCm4cVnBXmA6lEyatqGZzJBklDL0Pdz4Km5cKOJKcOHbmGm70NYDgY//Pyc5+f2IM6Uh/LYya+sbm1vZ7dzO7t7+Qf7wqKXCWBLaJCEPZcfHinImaFMzzWknkhQHPqdtf3yd+u17KhULxZ2eRNQL8FCwASNYG6mXd5Lu7BJXDn0vgaXLWsUpV4qwBGEVOSgFp1q+KE8fpl0mXFhEXi9fSO207FVACyiARTV6+c9uPyRxQIUmHCvlIhhpL8FSM8LpNNeNFY0wGeMhdQ0KHFDlJbO1pvaZUfr2IJTmCG3P1N8TCQ6UmgS+6QywHqllLxX/89xYD2pewkQUayrI/KFBzG0d2mlQdp9JSjSfGMBEMrOrTUZYYqJNnDkTAlr+8iq0nBKCJXRbLtSvFnFkwQk4BecAgSqogxvQAE1AwCN4Bq/gzXqyXqx362PemrEWM8fgT1lfPwXxnPk=</latexit>

R(i,j)
G,v (w)

<latexit sha1_base64="PW4XVoRaMYMypHozMsMhVzEArVs="></latexit><latexit sha1_base64="PW4XVoRaMYMypHozMsMhVzEArVs="></latexit><latexit sha1_base64="PW4XVoRaMYMypHozMsMhVzEArVs="></latexit><latexit sha1_base64="PW4XVoRaMYMypHozMsMhVzEArVs="></latexit>

ew ⇡ w, ew 2 C
<latexit sha1_base64="iLZUgWr7rslAS2h8dD0EDAVvBnA="></latexit><latexit sha1_base64="iLZUgWr7rslAS2h8dD0EDAVvBnA="></latexit><latexit sha1_base64="iLZUgWr7rslAS2h8dD0EDAVvBnA="></latexit><latexit sha1_base64="iLZUgWr7rslAS2h8dD0EDAVvBnA="></latexit>

R(i,j)
G,v ( ew)

<latexit sha1_base64="3CFCkX/b5ihUGVfJExrdm6TUByg="></latexit><latexit sha1_base64="3CFCkX/b5ihUGVfJExrdm6TUByg="></latexit><latexit sha1_base64="3CFCkX/b5ihUGVfJExrdm6TUByg="></latexit><latexit sha1_base64="3CFCkX/b5ihUGVfJExrdm6TUByg="></latexit>

We treat the tree recurrence as a complex dynamical system: 
•Not every orbit is well-behaved (unless ): main barrier 
• Insight: There exists a “high entropy” (nice) orbit, which is well-behaved

q ≫ 2Δ



High entropy condition

w 2 [0, 1]
<latexit sha1_base64="8U1a+gAdybaYyGuj1H5z1OI26oU=">AAACHXicbVBLSwMxGMz6rPVV9eglWAQPUpK6tBUvBS8eK9gHbJeSTdM2mM0uSVYpS/+IF/+KFw+KePAi/huzbQ9qHQgMM/MlXyaIBdcGoS9naXlldW09t5Hf3Nre2S3s7bd0lCjKmjQSkeoERDPBJWsabgTrxIqRMBCsHdxeZn77jinNI3ljxjHzQzKUfMApMVbqFdy0O73EU8PAT1HpvFYpu5VTVEKoiss4I+Wqe+ZO7iewyyX00Cn2e4ViFsgAFwmekyKYo9ErfHT7EU1CJg0VRGsPo9j4KVGGU8Em+W6iWUzoLRkyz1JJQqb9dLrYBB5bpQ8HkbJHGjhVf06kJNR6HAY2GRIz0n+9TPzP8xIzqPkpl3FimKSzhwaJgCaCWVWwzxWjRowtIVRxuyukI6IINbbQvC0B//3yImmVSxiV8LVbrF/M68iBQ3AETgAGVVAHV6ABmoCCB/AEXsCr8+g8O2/O+yy65MxnDsAvOJ/fzIKdTQ==</latexit><latexit sha1_base64="8U1a+gAdybaYyGuj1H5z1OI26oU=">AAACHXicbVBLSwMxGMz6rPVV9eglWAQPUpK6tBUvBS8eK9gHbJeSTdM2mM0uSVYpS/+IF/+KFw+KePAi/huzbQ9qHQgMM/MlXyaIBdcGoS9naXlldW09t5Hf3Nre2S3s7bd0lCjKmjQSkeoERDPBJWsabgTrxIqRMBCsHdxeZn77jinNI3ljxjHzQzKUfMApMVbqFdy0O73EU8PAT1HpvFYpu5VTVEKoiss4I+Wqe+ZO7iewyyX00Cn2e4ViFsgAFwmekyKYo9ErfHT7EU1CJg0VRGsPo9j4KVGGU8Em+W6iWUzoLRkyz1JJQqb9dLrYBB5bpQ8HkbJHGjhVf06kJNR6HAY2GRIz0n+9TPzP8xIzqPkpl3FimKSzhwaJgCaCWVWwzxWjRowtIVRxuyukI6IINbbQvC0B//3yImmVSxiV8LVbrF/M68iBQ3AETgAGVVAHV6ABmoCCB/AEXsCr8+g8O2/O+yy65MxnDsAvOJ/fzIKdTQ==</latexit><latexit sha1_base64="8U1a+gAdybaYyGuj1H5z1OI26oU=">AAACHXicbVBLSwMxGMz6rPVV9eglWAQPUpK6tBUvBS8eK9gHbJeSTdM2mM0uSVYpS/+IF/+KFw+KePAi/huzbQ9qHQgMM/MlXyaIBdcGoS9naXlldW09t5Hf3Nre2S3s7bd0lCjKmjQSkeoERDPBJWsabgTrxIqRMBCsHdxeZn77jinNI3ljxjHzQzKUfMApMVbqFdy0O73EU8PAT1HpvFYpu5VTVEKoiss4I+Wqe+ZO7iewyyX00Cn2e4ViFsgAFwmekyKYo9ErfHT7EU1CJg0VRGsPo9j4KVGGU8Em+W6iWUzoLRkyz1JJQqb9dLrYBB5bpQ8HkbJHGjhVf06kJNR6HAY2GRIz0n+9TPzP8xIzqPkpl3FimKSzhwaJgCaCWVWwzxWjRowtIVRxuyukI6IINbbQvC0B//3yImmVSxiV8LVbrF/M68iBQ3AETgAGVVAHV6ABmoCCB/AEXsCr8+g8O2/O+yy65MxnDsAvOJ/fzIKdTQ==</latexit><latexit sha1_base64="8U1a+gAdybaYyGuj1H5z1OI26oU=">AAACHXicbVBLSwMxGMz6rPVV9eglWAQPUpK6tBUvBS8eK9gHbJeSTdM2mM0uSVYpS/+IF/+KFw+KePAi/huzbQ9qHQgMM/MlXyaIBdcGoS9naXlldW09t5Hf3Nre2S3s7bd0lCjKmjQSkeoERDPBJWsabgTrxIqRMBCsHdxeZn77jinNI3ljxjHzQzKUfMApMVbqFdy0O73EU8PAT1HpvFYpu5VTVEKoiss4I+Wqe+ZO7iewyyX00Cn2e4ViFsgAFwmekyKYo9ErfHT7EU1CJg0VRGsPo9j4KVGGU8Em+W6iWUzoLRkyz1JJQqb9dLrYBB5bpQ8HkbJHGjhVf06kJNR6HAY2GRIz0n+9TPzP8xIzqPkpl3FimKSzhwaJgCaCWVWwzxWjRowtIVRxuyukI6IINbbQvC0B//3yImmVSxiV8LVbrF/M68iBQ3AETgAGVVAHV6ABmoCCB/AEXsCr8+g8O2/O+yy65MxnDsAvOJ/fzIKdTQ==</latexit>

i
<latexit sha1_base64="V9Lb3Pnw3F9HZziLywKsX5kHfaQ=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSKISMkYtRE3BTcuK9gHpKFMppN26OTBzEQoIf/gxl9x40IRt27c+TdO0yy09cDAmXPuvXPneDGjQprmt1ZaWl5ZXSuvVzY2t7Z39N29togSjkkLRyziXQ8JwmhIWpJKRroxJyjwGOl445up33kgXNAovJeTmLgBGobUpxhJJfX1k7SXD3H40HNTswZNCOHVqVmr27Zl1RUxLfvywspo1ter6pbDWCSwIFVQoNnXv3qDCCcBCSVmSAgHmrF0U8QlxYxklV4iSIzwGA2Jo2iIAiLcNF8nM46UMjD8iKsTSiNXf3ekKBBiEniqMkByJOa9qfif5yTSt92UhnEiSYhnD/kJM2RkTAMyBpQTLNlEEYQ5VbsaeIQ4wlLFWFEhwPkvL5L2mQqyBu/Oq43rIo4yOACH4BhAUAcNcAuaoAUweATP4BW8aU/ai/aufcxKS1rRsw/+QPv8Aaotmis=</latexit><latexit sha1_base64="V9Lb3Pnw3F9HZziLywKsX5kHfaQ=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSKISMkYtRE3BTcuK9gHpKFMppN26OTBzEQoIf/gxl9x40IRt27c+TdO0yy09cDAmXPuvXPneDGjQprmt1ZaWl5ZXSuvVzY2t7Z39N29togSjkkLRyziXQ8JwmhIWpJKRroxJyjwGOl445up33kgXNAovJeTmLgBGobUpxhJJfX1k7SXD3H40HNTswZNCOHVqVmr27Zl1RUxLfvywspo1ter6pbDWCSwIFVQoNnXv3qDCCcBCSVmSAgHmrF0U8QlxYxklV4iSIzwGA2Jo2iIAiLcNF8nM46UMjD8iKsTSiNXf3ekKBBiEniqMkByJOa9qfif5yTSt92UhnEiSYhnD/kJM2RkTAMyBpQTLNlEEYQ5VbsaeIQ4wlLFWFEhwPkvL5L2mQqyBu/Oq43rIo4yOACH4BhAUAcNcAuaoAUweATP4BW8aU/ai/aufcxKS1rRsw/+QPv8Aaotmis=</latexit><latexit sha1_base64="V9Lb3Pnw3F9HZziLywKsX5kHfaQ=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSKISMkYtRE3BTcuK9gHpKFMppN26OTBzEQoIf/gxl9x40IRt27c+TdO0yy09cDAmXPuvXPneDGjQprmt1ZaWl5ZXSuvVzY2t7Z39N29togSjkkLRyziXQ8JwmhIWpJKRroxJyjwGOl445up33kgXNAovJeTmLgBGobUpxhJJfX1k7SXD3H40HNTswZNCOHVqVmr27Zl1RUxLfvywspo1ter6pbDWCSwIFVQoNnXv3qDCCcBCSVmSAgHmrF0U8QlxYxklV4iSIzwGA2Jo2iIAiLcNF8nM46UMjD8iKsTSiNXf3ekKBBiEniqMkByJOa9qfif5yTSt92UhnEiSYhnD/kJM2RkTAMyBpQTLNlEEYQ5VbsaeIQ4wlLFWFEhwPkvL5L2mQqyBu/Oq43rIo4yOACH4BhAUAcNcAuaoAUweATP4BW8aU/ai/aufcxKS1rRsw/+QPv8Aaotmis=</latexit><latexit sha1_base64="V9Lb3Pnw3F9HZziLywKsX5kHfaQ=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSKISMkYtRE3BTcuK9gHpKFMppN26OTBzEQoIf/gxl9x40IRt27c+TdO0yy09cDAmXPuvXPneDGjQprmt1ZaWl5ZXSuvVzY2t7Z39N29togSjkkLRyziXQ8JwmhIWpJKRroxJyjwGOl445up33kgXNAovJeTmLgBGobUpxhJJfX1k7SXD3H40HNTswZNCOHVqVmr27Zl1RUxLfvywspo1ter6pbDWCSwIFVQoNnXv3qDCCcBCSVmSAgHmrF0U8QlxYxklV4iSIzwGA2Jo2iIAiLcNF8nM46UMjD8iKsTSiNXf3ekKBBiEniqMkByJOa9qfif5yTSt92UhnEiSYhnD/kJM2RkTAMyBpQTLNlEEYQ5VbsaeIQ4wlLFWFEhwPkvL5L2mQqyBu/Oq43rIo4yOACH4BhAUAcNcAuaoAUweATP4BW8aU/ai/aufcxKS1rRsw/+QPv8Aaotmis=</latexit>

u
<latexit sha1_base64="3NEk2E6VqK+Bt2JR0dvt4t1uq8I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqOCl4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjf3O0+oNI/lg5km6Ed0JHnIGTVWaqaDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01442dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zetK/TaPowhncA6X4EEN6nAPDWgBA4RneIU359F5cd6dj2VrwclnTuEPnM8f35KM8g==</latexit><latexit sha1_base64="3NEk2E6VqK+Bt2JR0dvt4t1uq8I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqOCl4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjf3O0+oNI/lg5km6Ed0JHnIGTVWaqaDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01442dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zetK/TaPowhncA6X4EEN6nAPDWgBA4RneIU359F5cd6dj2VrwclnTuEPnM8f35KM8g==</latexit><latexit sha1_base64="3NEk2E6VqK+Bt2JR0dvt4t1uq8I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqOCl4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjf3O0+oNI/lg5km6Ed0JHnIGTVWaqaDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01442dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zetK/TaPowhncA6X4EEN6nAPDWgBA4RneIU359F5cd6dj2VrwclnTuEPnM8f35KM8g==</latexit><latexit sha1_base64="3NEk2E6VqK+Bt2JR0dvt4t1uq8I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqOCl4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjf3O0+oNI/lg5km6Ed0JHnIGTVWaqaDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01442dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zetK/TaPowhncA6X4EEN6nAPDWgBA4RneIU359F5cd6dj2VrwclnTuEPnM8f35KM8g==</latexit>For any vertex    in G, any                and any color   ,

….
v1

u

v2 vd

Consider list-coloring      

Lemma:   
For any list-coloring instance such that                 , or the 
graph is triangle-free and                     , then our “high 
entropy condition” holds

q > 1.76�+ �
<latexit sha1_base64="OzVmSSI1gRBanTTInGviMIEsbZc=">AAAB/XicdVDJSgNBEO2JW4xbXG5eGoMgCMNMkCwXCejBYwSzQBJCT6eSNOlZ7K4RYgj+ihcPinj1P7z5N3YWwfVBweO9KqrqeZEUGh3n3UosLC4tryRXU2vrG5tb6e2dqg5jxaHCQxmqusc0SBFABQVKqEcKmO9JqHmDs4lfuwGlRRhc4TCCls96gegKztBI7fTeNT2lrp3PNc9BIjtueoCsnc44drFQzDlZ+pu4tjNFhsxRbqffmp2Qxz4EyCXTuuE6EbZGTKHgEsapZqwhYnzAetAwNGA+6NZoev2YHhqlQ7uhMhUgnapfJ0bM13roe6bTZ9jXP72J+JfXiLFbaI1EEMUIAZ8t6saSYkgnUdCOUMBRDg1hXAlzK+V9phhHE1jKhPD5Kf2fVLO269ju5UmmlJ/HkST75IAcEZfkSYlckDKpEE5uyT15JE/WnfVgPVsvs9aENZ/ZJd9gvX4AegiT8g==</latexit><latexit sha1_base64="OzVmSSI1gRBanTTInGviMIEsbZc=">AAAB/XicdVDJSgNBEO2JW4xbXG5eGoMgCMNMkCwXCejBYwSzQBJCT6eSNOlZ7K4RYgj+ihcPinj1P7z5N3YWwfVBweO9KqrqeZEUGh3n3UosLC4tryRXU2vrG5tb6e2dqg5jxaHCQxmqusc0SBFABQVKqEcKmO9JqHmDs4lfuwGlRRhc4TCCls96gegKztBI7fTeNT2lrp3PNc9BIjtueoCsnc44drFQzDlZ+pu4tjNFhsxRbqffmp2Qxz4EyCXTuuE6EbZGTKHgEsapZqwhYnzAetAwNGA+6NZoev2YHhqlQ7uhMhUgnapfJ0bM13roe6bTZ9jXP72J+JfXiLFbaI1EEMUIAZ8t6saSYkgnUdCOUMBRDg1hXAlzK+V9phhHE1jKhPD5Kf2fVLO269ju5UmmlJ/HkST75IAcEZfkSYlckDKpEE5uyT15JE/WnfVgPVsvs9aENZ/ZJd9gvX4AegiT8g==</latexit><latexit sha1_base64="OzVmSSI1gRBanTTInGviMIEsbZc=">AAAB/XicdVDJSgNBEO2JW4xbXG5eGoMgCMNMkCwXCejBYwSzQBJCT6eSNOlZ7K4RYgj+ihcPinj1P7z5N3YWwfVBweO9KqrqeZEUGh3n3UosLC4tryRXU2vrG5tb6e2dqg5jxaHCQxmqusc0SBFABQVKqEcKmO9JqHmDs4lfuwGlRRhc4TCCls96gegKztBI7fTeNT2lrp3PNc9BIjtueoCsnc44drFQzDlZ+pu4tjNFhsxRbqffmp2Qxz4EyCXTuuE6EbZGTKHgEsapZqwhYnzAetAwNGA+6NZoev2YHhqlQ7uhMhUgnapfJ0bM13roe6bTZ9jXP72J+JfXiLFbaI1EEMUIAZ8t6saSYkgnUdCOUMBRDg1hXAlzK+V9phhHE1jKhPD5Kf2fVLO269ju5UmmlJ/HkST75IAcEZfkSYlckDKpEE5uyT15JE/WnfVgPVsvs9aENZ/ZJd9gvX4AegiT8g==</latexit><latexit sha1_base64="OzVmSSI1gRBanTTInGviMIEsbZc=">AAAB/XicdVDJSgNBEO2JW4xbXG5eGoMgCMNMkCwXCejBYwSzQBJCT6eSNOlZ7K4RYgj+ihcPinj1P7z5N3YWwfVBweO9KqrqeZEUGh3n3UosLC4tryRXU2vrG5tb6e2dqg5jxaHCQxmqusc0SBFABQVKqEcKmO9JqHmDs4lfuwGlRRhc4TCCls96gegKztBI7fTeNT2lrp3PNc9BIjtueoCsnc44drFQzDlZ+pu4tjNFhsxRbqffmp2Qxz4EyCXTuuE6EbZGTKHgEsapZqwhYnzAetAwNGA+6NZoev2YHhqlQ7uhMhUgnapfJ0bM13roe6bTZ9jXP72J+JfXiLFbaI1EEMUIAZ8t6saSYkgnUdCOUMBRDg1hXAlzK+V9phhHE1jKhPD5Kf2fVLO269ju5UmmlJ/HkST75IAcEZfkSYlckDKpEE5uyT15JE/WnfVgPVsvs9aENZ/ZJd9gvX4AegiT8g==</latexit>

q � 2�+ 2
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A more careful argument shows that              sufficesq � 2�
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Conjecture:  
For graphs of higher girth,                     for a smaller  should sufficeαq ≥ αΔ + β

Pr
G,w

[c(u) = i]  1

�+ 2
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Summary of the induction

R(i,j)
G,v ( ew) ⇡ e✏ ·R(i,j)

G,v (w)
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ZG(w) =
X

i2L(v)

Z(i)
G,v(w)

=Z(j)
G,v(w) ·

X

i2L(v)

Z(i)
G,v(w)

Z(j)
G,v(w)
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ZG( ew) =
X

i2L(v)

Z(i)
G,v( ew)

=Z(j)
G,v( ew) ·

X

i2L(v)

Z(i)
G,v( ew)

Z(j)
G,v( ew)
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�����
Z(j)
G,v( ew)

Z(j)
G,v(w)

����� � e�✏(n�1)
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Inductively



Recap

• One can exploit the analysis of algorithms (tree recurrence) to 
study phase transitions (prove zero-freeness)


• Conversely, zero-freeness results can also be exploited 
algorithmically (via Barvinok’s interpolation)

Z(i)
G,v(w)

Z(j)
G,v(w)

=
Z(i)
G,v( ew)

Z(j)
G,v( ew)
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Discussion: Comparison to 
decay of correlations 

Tree recurrence

Truncating Guess the values

Correlation decay approach

Issue: guessing the values explicitly can be hard
In proving zero-freeness, we only need that “good” values exist



Comparison to MCMC 

w 2 [0, 1]
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ew ⇡ w, ew 2 C
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Recurrence

Recurrence

Future direction: 

• Generalize to more sophisticated coupling argument

• De-randomize MCMC

Z(i)
G,v(w)

Z(j)
G,v(w)

=
Z(i)
G,v( ew)

Z(j)
G,v( ew)
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Thanks 

Q & A


